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PREFACE 

This book is designed for the use of beginners in geometry in second- 
ary schools, and has been used for several years in a simpler form by 
the teachers of mathematics in the Somerville (Mass.) English High 
School. No attempt has been made to depart in the least from the 
subject-matter given in the regular Euclidian geometries ; the variation 
from the well-known texts has been more in regard to the presentation 
of the theorems and the method of development. To those teachers 
who feel the need of a book intermediate in treatment between a sylla- 
bus and a geometry of completely demonstrated theorems, this work is 
confidently submitted. 

The most prominent characteristic of this book is that it is a working 
book, — a book in the use of which the pupil is obliged to show the 
result of individual effort. The distinctive features that bring about 
this result and that also differentiate this book from any yet published 
are the following : — 

(1) The development of definitions. — To prevent the perfunctory 
memorizing of definitions without a thorough understanding of their 
meanings, the various geometrical terms and concepts are to be devel- 
oped in the class as they are needed. This may be accomplished by 
encouraging the pupils not only to present to the class their own ideas 
regarding the various terms, but also to bring to the recitation defini- 
tions which they have obtained from various sources. Under the careful 
guidance of the teacher, satisfactory definitions may thus be decided 
upon and then recorded by each pupil in a note-book kept for the 
purpose. 

(2) Suggested demonstrations. — Demonstrations are not given in full, 
but are outlined by means of bints or suggestions. Although consider- 
ill 
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able assistance must necessarily be given in the development of the first 
few theorems, it is expected that the suggestions for the remaining 
theorems will be, in general, sufficient guides to enable the pupil to work 
out his own proofs. Constant watchfulness will be necessary on the 
part of the teacher in order to secure logical demonstrations. The pupil 
must keep constantly in mind that a geometrical demonstration is a 
series of steps or statements leading in logical order from the hypothesis 
to the required conclusion, — each step being dependent on some geo- 
metrical fact already known, that is, a definition, an axiom, or some 
theorem previously proved. That reasons may be readily and accurately 
given, definitions and statements of theorems should be committed to 
memory. 

(3) The construction of the figures by the pupil. — Space for the figure 
is provided under each theorem. The appropriate figure is to be con- 
structed and lettered by the pupil in accordance with the directions in 
the hypothesis and the accompanying suggestions. Especial emphasis 
is laid on the correct construction of figures in order to fix firmly in the 
mind of the pupil the exact conditions under which the theorems are to 
be proved. To prevent the incorrect drawing of figures, the class and 
the teacher should determine exactly what each figure is to be before it 
is constructed in the book. 

(4) The use of the problems of construction. — Problems in construc- 
tion are given whenever needed as an assistance in the proper construc- 
tion of the figures for the theorems. It follows that the method of proof 
for a problem cannot always be explained when the problem is given. 
In the review, however, the explanation of all problems should be 
thoroughly understood. 

(5) The choice and the arrangement of the theorems. — In regard to the 
choice of theorems, effort has been made to select the theorems that will 
give a clear and comprehensive view of the subject. The Syllabus of 
Propositions prepared by the Mathematical Department of Harvard 
University has been used as a basis of selection, but has not been fol- 
lowed exactly. The arrangement of theorems, although strictly logical, 
has been purposely varied from the arrangements in the best known 
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text-books that the pupil m^ be as independent of outside assistance 
as possible. 

(6) The use of exercises. — Over one hundred and iiftj exercises are 
given. These furnish a minor feature only, but are of special value in 
the review. 

This book differs radically from the geometries used in the majority 
of secondary schools. It is the conviction, however, of those who know 
its methods and have seen its practical working that the use of the 
book will infuse new life in the study of geometry, awaken greater 
interest in both teacher and pupil, secure a great gain in the amount 
of individual effort, increase the spirit of self-reliance, and greatly 
strengthen the power of deductive reasoning. 

Grateful acknowledgments are due to associate teachers and others 
for aid and suggestions in the preparation of this book. 

J. A. A. 

SOMBRVILLB, MASS., 

February, 1903. 



CONTENTS 
GEOMETRY 

PAOI 

Topics for Definition 1 

Axioms 3 

Abbreviations . • • v 4 

Symbols 4 

PLAKE GEOMETRY 

Book L Rectilinear Figures 5 

Book IL Topics for Definition 46 

The Circle ••....... 47 

Book III. Theory of Proportion 67 

Proportional Lines and Similar Figures • • • 69 

Book IV. Areas and Ratios of Polygons 84 

Book V. Regular Polygons and the Circle 95 

Ikdek to Problems of Construction . . . . . 109 

syllabda of theorems and corollaries ill 




Yi 



GEOMETRY 

INTRODUCTORY TOPICS FOR DEFINITION 

1. Space. 

2. Geometrical Body or Solid. 

Properties, Dimensions, Parts, Kinds. 

3. Surface. 

Dimensions. 

4. Line. 

Dimension. 

5. Point 

6. Concept 

Space Concepts, Space Figures, Space Magnitudes. 

7. Generation. 

Generation of Line, of Surface, of Solid. 

8. Geometry. 

Purposes, Parts. 

9. lines. 

(a) Kinds: 

Straight, Curved, Broken. 

(b) Positions: 

Vertical, Horizontal, Inclined. 

(c) Relative positions of two or more lines : 

Perpendicular, Parallel, Inclined. 



GEOMETRY 

10. Angles. 

(a) Method of Reading. 
(6) Kinds: 

(1) Right, (3) Straight, (5) Concave, 

(2) Acute, (4) Obtuse, (6) Convex. 

(c) Measurement, 

(d) Relation between angles: 

(1) Complementary, (4) Complementary Adjacent, 

(2) Supplementary, (5) Supplementary Adjacent, 

(3) Adjacent, (6) Vertical. 

11. Plane Surface or Plane. 

Plaue Figure, Polygon, Triangle. 

12. Triangle. 

(a) Kinds: 

(1) Equilateral, (4) Equiangular, (6) Obtuse, 

(2) Isosceles, (5) Acute, (7) Right 

(3) Scalene, 

(6) Farts: 

(1) Base, (4) Perimeter, 

(2) Vertex, (5) Hypotenuse (in right triangle). 

(3) Altitude, 

(c) Relation of triangles : 

(1) Equal, (4) Mutually Equiangular, 

(2) Equivalent, (5) Mutually Equilateral. 

(3) Similar, 
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13. Proposition. 

Theorem. 
Parts: Hypothesis, Conclusion. 

(1) Converse, (3) Corollary, 

(2) Opposite, ^ (4) Scholium. 
Problem. 

14. Axioms, definition. 

1. Through two given points only one straight line can 

be drawn. 

2. A straight line is the shortest line between two 

points. 

3. Two magnitudes equal to the same magnitude or 

equal magnitudes are equal 

4. If the same operation be performed on equals, the 

results are equal. 

5. If the same operation be performed on unequals, the 

results are unequal in the same sense. 

6. If unequals be subtracted from equals, the results are 

unequal in the inverse sense. 

7. The whole is greater than any of its parts. 

8. The whole equals the sum of its parts. 

9. If, of three quantities, the first is greater than the 

second, and the second is greater than the third, 
then the first is greater than the third. 

10. If the greater of two magnitudes is continuously 

decreasing, and the smaller continuously increas- 
ing, once, and only once, will the magnitudes be 
equal. 

11. If two plane figures can be made to coincide by super- 

position, the figures are equaL 
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15. 


ABBREVIATIONS. 


Adj. 


adjacent. 


PW)6. 


problem. 


AU. 


alternate. 


Prop. 


proposition. 


Auth. 


authority. 


Pt. 


point. 


Ax. 


axiom. 


Q,E.D. 


quod erat demonstrandum 


Comp. 


complementary. 




(which was to be proved). 


Cms. 


construction. 


Q.E,R 


quod erat faciendum (which 


Cor. 


corollary. 




was to be done). 


Def- 


definition. 


Quad. 


quadrilateral. 


Ext. 


exterior. 


Beet. 


rectangle. 


Horn. 


homologous. 


Rt. 


right. 


Hyp. 


hypothesis. 


Scho. 


scholium. 


Hypo. 


hypotenuse. 


Sug. 


suggestion. 


Iden. 


identical. 


Supp. 


supplementary. 


Int. 


interior. 


St. 


straight. 


Isos. 


isosceles. 


Theo. 


theorem. 


0pp. 


opposite. 
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SYMBOLS 


+ 


plus. 


A A 


triangle, triangles. 


— 


minus. 


± 


perpendicular, or is perpen- 


X,- 


times. 




dicular to. 


= 


equals. 


Js 


perpendiculars. 


= 


is equivalent to. 


o m 


parallelogram, parallelo- 


*"w 


is similar to. 




grams. 


> 


is greater than. 


II 


parallel, or is parallel to. 


< 


is less than. 


Il8 


parallels. 


.'. 


therefore. 


O (D 


circle, circles. 


Z A 


angle, angles. 


r\ /§\ 


arc, arcs. 






PLANE GEOMETRY 

BOOK I 
LINES AND RECTILINEAR FIGURES 

Theobem I 

17. From a -point in a straight ^line (me perpendicular 
to the line, and only one, can be droAJcn. 



Hypothesis. Let C be any point in the line AB, 

To prove that one perpendicular, and only one, can be drawn to 
AB at C. 

Suggestion 1. Revolve a straight line, OX, about as a 
centre, comparing ABCX and XOG, 

Sua. 2. Apply Axiom 10 and definition of perpendicular. 
Conclusion. 

5 
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18. Problem I. To draw a perpendicular to a straight line at 
some point in it. 

(Two figures: first, perpendicular at some point within the line ; second, at 
the extremity of the line.) 



Theorem II 
19. All right angles are equLol. 



Hyp. Let Z CDB and Z CD^& be any two rt. A. 

To prove that Z CDB = Z OD'B. 

SuG. 1. Place Z CDB on Z CD'& so that the vertex D falls 
on the vertex D', DB taking the direction of UB\ 
SuG. 2. What direction will DC take ? Why ? 
Conclusion. 

20. Problem II. To bisect a given angle. 



LINES AND ANGLES 



Theorem III 



21. If one straight line meets another, the sum of the 
a/Sjacent angles thus formed equals two right angles. 



Hyp. Let DB meet CA at B. 

To prove that AABD -f Z BBC =2 rt. A. 

SuG. 1. Draw FB ± AC at B. 

SuG. 2. Compare the sum of Z ABP and Z PBC with the sum 
otZABDsLadZDBC. 

Conclusion. 

22. Corollary 1. The sum of all the angles about a point on one 
side of a straight line equals two right angles, 

SuG. Group all of the angles into two angles and apply 
Theo. III. 
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23. Cor. 2. The sum of all the angles about a point equals four 
right angles, 

SuG. Produce one line through the point and apply Cor. 1. 



24. Cor. 3. Complements of the same angle or of equal angles 
are equal. 

25. Cor. 4, Supplements of the same angle or of equal angles 
are equal. 

Theorem IV 

26. If two straight lines intersect, they form vertical 
angles which are equal. 



Hyp. Let AB intersect CD at X, (See figure on next page.) 

To prove that Z AXC = Z BXD, also that Z DXA = Z CXB. 

SuG. 1. What relation is there between Z AXC and Z DXA ? 
SuG. 2. What relation is there between Z BXD and Z DXA ? 
SuG. 3. Then what follows regarding Z AXC and Z BXD ? 
SuG. 4. Follow same method with Z AXD and Z CXB. 
Conclusion. 

Note. On the next page will be found a model proof of Theo. IV 
showing an acceptable method for arranging and expressing a geometrical 
demonstration. 
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Model Pboof Theorem IV 



If two straight lines intersect, they form vertical angles 
which are equal. 




Hyp. Let AB intersect CD at X 

To prove that Z AXO = Z BXB, also that Z DXA = Z CXB. 
Proof. Z^X(7+Zi)X^=:2rt. A Theo. III. 

Z 5XZ) + Z Z>X4 = 2 rt. A Theo. III. 

.-. Z ^X(7 = Z BXD. Theo. IIL, Cor. 4. 
In like manner Z ^XD = Z CXB. q.e.d. 



EXERCISES 



1. What is the complement of an angle of 37° 57' ? the supplement ? 

2. In figure under Theo. IV, draw a line, MN, through X bisecting 
ZAXC. Prove that the line produced bisects ZDXBalso. 

8. State Exercise 2 in the form of a theorem. 

4. If ZAXC= 73° 47' 3", find the value of ZAXD, of ZDXB, and of 
ZCXB. 

5. Prove that a line through X peri)endicular to MN bisects the ZAXD. 
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Theorem V 

27. If two ctdjacent angles are together equal to two 
right angles, their exterior sides are in the same straight 
line. 



Hyp. Let Z ABC + Z GBD = 2 rt. A, 

To prove that AB and BD form one st. line. 

SuG. 1. Imagine AB produced to X. 
SuG. 2. ' Z ABC + Z CJ3X = what ? Auth. 
SuG. 3. Compare this equation with the hypothesis. 
SuG. 4. What relation must follow between Z CBD and 
Z CBX? between BD and BX? Auth. 
Conclusion. 

28. Problem III. To construct an angle equal to a given angle. 
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Theorem VI 

29. If two triangles have two sides and the included 
angle of one equal respectively to two sides and the in- 
cluded angle of the other, the triangles are equal. 



Hyp. In the A ^5(7 and DEF, let AC=DF, AB = DE, 
ZA = ZD, 

To prove that A ABC = A DEF. 

Sue. 1. Apply A ABC to A DEF so that AC coincides with 
DF, Why is this possible ? 

SuG. 2. What direction will AB take? Why ? Where will 
^fall? Why? 

SuG. 3. What will follow regarding BC and EF? 

Conclusion. 

30. Scholium I. When two figures have been made to coincide 
by superposition^ their parts thus shown to be equal are called 
homologous parts. It follows therefore that homologous parts of 
equal figures are equal 

31. Scho. II. In equal triangles, equal sides lie opposite equal 
angles and equal angles lie opposite equal sides. 

Note. The method of proof employed in Tb^QS. II and VI is called the 
method of superposition. 
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Theorem VII 

32. If two triangles have two angles and the included 
side of one equal respectively to two angles and the in- 
cluded side of the other, the triangles are equal. 



Hyp. In the A ABC and DBF, let AC = DF, /L A =^ Z. D, 
/.C^Z.F. 

To prove that A ABC = A DBF, 

SuG. 1. See Sug. 1 in preceding theorem. 

SuG. 2. What direction will AB take ? Why ? 

Sug. 3. By the extremity of AB, will fall where ? 

Sug. 4. What direction will BC take ? Why ? 

Sug. 6. B, the extremity of BC, will fall where ? 

Sug. 6. Why, then, must B fall exactly on ^ ? 
Conclusion. 

33. Problem IV. To bisect a given straight line. 
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Theobem VIII 

34. The angles opposite the equal sides of a^ isosceles 
triangle are eqiual. 



Hyp. Let AB and AC be the equal sides of the isos. A ABC, 

To prove that Z.B — AC 

SuG. 1. Draw a line bisecting Z A and meeting BC at M, 

SuG. 2. Compare A ABMzm^ ACM, Auth. 

SuG. 3. Compare A B and C, using scholiums under Theo. VI. 

Conclusion. 

35. Cor. An equilateral triangle is also equiangular. 



EXERCISES 



6. Prove Theo. VIII by connecting A with middle point oi BC and com- 
paring the triangles thus fonned. 

7. If the equal sides of an isosceles triangle are produced beyond the 
base, the angles formed are equal. 

8. How many degrees in an angle whose complement and supplement 
together equal 210° ? 

9. In the isosceles triangle ABC^ let AB = AC, From H, middle point 
of AB, draw HC ; from K, middle point of AG, draw KB. Prove HC= KB. 

Sdg. Compare i^ AHC and AKB, 
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Theorem IX 

36. If two triangles have three sides of one eqiual respec- 
tively to three sides of the other, the triangles are equal. 



Hyp. In A ABC and AB'O, let AB=^A^B\ AC=A'C'. 
BC = B^C. 

To prove that A ABC = A A'B'C. 

SuG. 1. Place A ABC in the plane of A A'B'O with AB on 
its equal A'B', and with C on the opposite side of AB from C 
Draw CC. 

Sua 2. What kind of A is A'CC ? B'CC ? 

SuG. 3. Then compare A A'OCRnd CCA'-, A CCB' and B'CC". 

SuG. 4. Then compare A C and C. Auth. 

SuG. 5. Compare A ABC and A'B'C. Auth. 

Conclusion. 

EXERCISES 

10. Are two triangles equal if the three angles of one are equal respec- 
tively to the three angles of the other ? 

11. Can two triangles, having two sides and an angle of one equal respec- 
tively to two sides and an angle of the other, be unequal ? 

12.< Four of the five consecutive angles about a point contain 17°, 36°, 89°, 
\d 110° respectively. How many degrees are there in the fifth angle ? 
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Theorem X 

37. If a perpendicular he erected at the middle point of 
a straight line, the distances from any point in the per- 
pendiculdr to the extremities of the line are equal. 



Hyp. Let PB be ± MR at middle pt. B. Let C be any pt. in 
PB. 

To prove that CM^ CR. 

Sue. 1. Compare A CMB and CRB, Auth. 
SuG. 2. Compare CM and CR, using Scholiums under Theo. 
VI. 

Conclusion. 

38. Scho. Any side of a triangle is less than the sum of the 
other two sides. 



EXERCISES 



13. The bisector of the vertical angle of an isosceles triangle is perpen- 
dicular to the base. 

14. If the angular magnitude about a point is divided into three angles, 
the second of which is twice the first, and the third is three times the first, 
hoii7 many degrees are there in each of the three angles ? 

15. Any side of a triangle is less than half the sum of its three sides. 
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Theorem XI 

3d. If a perpendicular be erected at the middle point 
of a straight line, the distances from any point not in the 
perpendicular to the extremities of the line are unequal. 



Hyp. Let KB he±MB at the middle pt. D. From F, any 
pt. outside KD, draw FM and FB. Let FM intersect KB at C. 

To prove that FM > FB. 

SuG. 1. Draw CB. Compare MG and CB. Auth. 
SuG. 2. Compare JF!B with jPC 4- (7J3. Auth. 
SuG. 3. Compare FB with FG -f CM. 
Conclusion. 

40. Problem V. Given two sides and the angle to be included 
by them, to construct the triangle. 
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Theorem XII 

41. From a -point without a straight line, one -perpen- 
dicular to the line, and only one, can he drawn. 



Part 1. Hyp. Let AB be the line, C any pt. not in AB, 
To prove that one ± can be drawn from C to AB. 

SuG. 1. To a St. line MN erect a ± KL at any point in the 
line, as L, Auth. 

Sue. 2. Apply this figure so that MN falls on AB^ and move 
it along AB till KL includes (7. What conclusion follows ? 

Part 2. Hyp. Let CL be ± -4JB. 

To prove that no other ± can be drawn to AB from C. 

SuG. 1. Draw a line CD assuming it to be also ± AB, Extend 
GL to C", making L(7 = CL, Draw CD. 

SuG. 2. Compare A CLD and OLD, Auth. Compare ^ CZ>L 
and LDO. 

SuG. 3. If CZ>±AB,ZCZ)Z is art. ^. What follows regard- 
ing Z iDC ? 

SuG. 4. From the conclusions in Sug. 3, what kind of line has 
CDC been proved to be ? Auth. 

Sug. 5. If this last conclusion is incorrect (why?) what 
previous statement, upon which this conclusion was based, must 
have been wrong? 

Conclusion. 
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Theorem XIII 

42. If two right triangles have the hypotenuse and an 
acwbe angle of one equal respectively to the hypotenuse 
and a/n acute angle of the other, the triangles are equal. 



Hyp. In the rt. JkABG and A'B'O, let AG^A'Oy Z^ = 
Z.A\Z.B and Z^' being rt. A 

To prove that A ABG = A AB'CK 

SuG. 1. Place A ABC on A A'B'C so that AG coincides with 
A'G, What direction will AB take ? Why ? 

SuG. 2. Why must GB and OB' coincide in direction ? 
Conclusion. 

43. Problem VI. Given two angles and the side to be included 
by them, to construct the triangle. 
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Theorem XIV 
44. Two lines perpendicular to the same line are parallel. 



Hyp. Let RD and FO be ± KL at D and O respectively. 

To prove that RD II FG, 

SuG. 1. liRD and FG are not II, they must meet at some point. 
SuG. 2. Compare this conclusion with Theo. XII. 
Conclusion. 

45. Ax. 12. Through a given point only one straight line can 
be drawn parallel to a given line. 

46. Problem VII. Given three sides of a triangle, to construct 
the triangle. 



47. Problem VIII. To draw a line parallel to a given line 
through a given point. 
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Theorem XV 



48. A line perpendicvZar to one of two parallel lines is 
perpendicular to the other also. 



Hyp. JjQt RG hei W FD, RC ± KL. 

To prove that FD ± KL. 

SuG. 1. From Q, some pt. in FD, imagine QM drawn ± KL. 
SuG. 2. What relation has QM to RC ? Auth. 
SuG. 3. What must follow regarding QM and FD ? 
Conclusion. 

49. Cor. Ihvo lines parallel to a third line are parallel to each 
other. 

SuG. Draw a line perpendicular to a third line. 
Apply Theos. XV and XIV. 

50. Problem IX. To draw a line perpendicular to a given line 
from an outside point. 
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61. Definition. If two straight lines are cut by a third line, 
called the transversal, eight angles are formed. 

These angles are called, as follows : — 

(1) Interior angles, 3, 4, 5, 6. 

(2) Exterior angles, 1, 2 ; 7, 8. 

(3) Alternate-interior angles, 3, 5 ; 4, 6. 

(4) Alternate-exterior angles, 1, 7 ; 2, 8. 

(5) Corresponding angles, 2, 6 ; 1, 5 ; 

3,7; 4,8. 




Theorem XVI 

52. If two parallel lines are cut by a transversal, the 
alternate-interior angles are equal. 



Hyp. Let the II lines MN and RP be cut by the transversal 
XY at F and O respectively. 

To prove that Z MFG = Z PGF, A GFN^ AFGR, 

SuG. 1. From S, middle pt. of FG, draw SCl.MNmA. pro- 
duced to meet RP at D. What relation has CD to RP? Auth. 

SuG. 2. Compare A Oi^/S and SGD, ' Auth. 

SuG. 3. What follows regarding A CFS and DGS ? 

SuG. 4. Compare A GFN and i^'G^iSy taking into account their 
relation to A MFG and PGF respectively. 

Conclusion. 
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Theorem XVII 

53. If two parallel lines are cut by a transversal, the 
corresponding angles are equal. 



Hyp. See hypothesis under Theo. XVI. 
To prove that ANFX= Z PGF, etc. 
SuG. Consult Theos. IV and XVI. 
Conclusion. 

54. Cor. If two parallel lines are cut by a transversal, the 
aUe^mate-exterior angles are equal. 

Theorem XVIII 

55. If two parallel lines are cut by a transversal, the 
sum of the interior angles on the same side of the trans- 
versal equals two right angles. 

Note. See figure for Theo. XVII. 

Hyp. See hyp. under Theo. XVI. 

To prove that Z GFN + Z PGF = 2 rt. A 

SuG. Consult Theos. Ill and XVI. 

Conclusion. 

56. Cor. If two parallel Mn^s are cut by a transversal^ the sum 
of the exterior angles on the same side of the transversal equals two 
right angles. 
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Theorem XIX 

57. (Converse of Theo. XVI.) If two straight lines are 
cut by a transversal, so that the alternate-interior angles 
are equal, the lines are parallel. 



Hyp. Let AB and 2>3f be cut by X Fat O and H respectively, 
so that Z HGB = Z GHL, 

To prove that AB II LM. 

Sua. 1. If AB is not II LM, draw CD through O, assuming it 
tobellXilf. 

Sua. 2. Compare A HOD and OHL, and then compare the 
conclusion with the equation in the Hyp. 

SuG. 3. What follows regarding A HGB and HGD ? Auth. 

SuG. 4. What follows regarding lines AB and CD ? Auth. 

SuG. 5. What follows regarding lines AB and LM? 

Conclusion. 



EXERCISES 



16. Given two parallel lines cut by a transversal, name eight pairs of 
angles whose sum equals two riglit angles. 

17. Given two parallel lines cut by a transversal, prove that the bisectors 
of a pair of alternate-interior angles are parallel. 
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Theorem XX 

58. (Converse of Theo. XVII.) If two straight lines are 
cut by a transversal so thort the corresponding angles are 
equal, the lines are paraUel. 



Hyp. Let XFand ZWhe cut by BC at D and ^respectively, 
so that Z YDB = Z WKD, 

To prove that XF II ZfT. 

Sua. 1. If XFis not II ZTT, draw RS through D, assuming it 
to be WZW. 

SuG. 2. Use method suggested in Theo. XIX. 
Conclusion. 

59. Cor. If two straigJU lines are cut by a transversal so that the 
aUeniate-exterior angles are equal, the lines are parallel. 



EXERCISES 



18. Prove corollary under Theo. XV by drawing a transversal intersecting 
the three lines, then using a method suggested by Theos. XVI to XX. 

19. A straight line parallel to the base of an isosceles triangle makes 
equal angles with the other two sides. 

20. The bisector of an exterior angle at the vertex of an isosceles triangle 
is parallel to the base. 
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Theorem XXI 

60. (Converse of Theo. XVIII.) If two straight lines are 
cut by a transversal so that the sum of the interior angles 
on the same sid-e of the transversal equals two right 
angles, the lines are parallel. 



Eyp, Let XFand ZWhe cut by BC at D and K respectively, 
so that Z KDY-h Z WKD = 2 rt. A. 

ToproyeXFHZTF. 

Sua. 1. If XFis not II ZW, draw RS through Z>, assuming it 
to be II ZW. 

Sua. 2. Use method suggested in Theo. XIX. 
Conclusion. 

61. Cor. If two straight lines are cut by a transversal so that the 
sum of the exterior angles on the same side of the transversal equals 
two right angles, the lines are parallel. 



EXERCISES 



21. Two straight lines AB and CD bisect each other at 0. Show that the 
straight lines joining AG and BD are parallel. 

22. The bisectors of two supplementary adjacent angles are perpendicular 
to each other. 

28. State and prove the converse of Ex. 22. 
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Theorem XXII 

62. Angles whose sides are parallel, each to each, are 
either equal or supplementary. 



YLr^, Let BA be II NR, BC II MT, and let NR and MT inter- 
sect at S. 

Note. At first, for convenience, let Z CBA be drawn above and to the 
left of Z TSB and let Z CBA be an acute angle. 

To prove that Z CBA^ Z T8R = Z MSN and also that Z OB^ 
is the supplement of ZiJ^Silf and of Z ^aST. 

SuG. 1. Let BC and -?ri2 intersect at X. 
Sua. 2. Compare A CBA and CXi?. Auth. 
SuG. 3. Compare A CXR and TSR. Auth. 
First conclusion. 

SuG. 4. Z TaS/?, and therefore its equal Z C5^, has what rela- 
tion to Z iJ/SJfef? 
Second conclusion. 

63. Scho. Angles whose sides are parallel are equal when both 
pairs of parallel sides extend in the same direction, or in opposite 
directions from the vertices ; supplementary, when one pair of par- 
allel sides extends in the same direction and the other pair in 
opposite directions from the vertices. 

64. Cor. Angles ivJiose sides are perpendicular, each to each, are 
either equal or supplementary- 

SuG. Through the vertex of one angle draw lines parallel to 
the sides of the other and extending in the same direction. 
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65. Topic for Definition. Exterior angle of a triangle. 

Theorem XXIII 

66. An exterior angle of a triangle equals the sum of 
the opposite interior angles. 

Note. Put figures for Theo. XXIII and Theo. XXIV in this space. 



Hyp. Let Z ACD be an ext. Z of the A ABC. 

To prove that Z ACD = Z ^ + Z J?. 

SuG. 1. Through C draw CE II AB, 

SuG. 2. Compare A ACE and ECD with A A and B respec- 
tively. 

SuG. 3. Compare sum of A ACE and ECD with the sum of 
A A and B. 

Conclusion. 

67. Cor. An exterior angle of a triangle is greater than either of 
the opposite interior angles. 

Theorem XXIV 

68. The sum of the interior angles of a triangle equals 
two right angles. 

Hyp. Let A ABC be the given triangle. 

To prove that /LA + Z J5 + Z 0= 2 it. A 

SuG. Produce one side of A and apply Theos. Ill and XXIII. 
Conclusion. 
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69. Cor. 1. In a triangle there can he only one obtuse or one 
right angle. 

70. Cor. 2. Every right triangle has two Ojcute angles, each of 
which is the complement of the other. 

71. Cor. 3. If two triangles have two angles of one equal to two 
angles of the others the third angles are equal, 

72. Cor. 4. If two rigJU triangles have an acute angle of one 
equal to an a^cute angle of the other, the remaining acute angles are 
equal. 

EXERCISES 

94. Prove Theo. XXIV by drawing a line through the vertex parallel to 
the base. 

85. If an exterior angle at the base of an isosceles triangle equals 108^, 
how many degrees are there in the angle at the vertex ? 

86. What is the value of each angle of an equiangular triangle ? of an 
equilateral triangle ? 

87. The angle B of a triangle ABC is three times the angle A^ and the 
angle G is five times the angle A ; how many degrees are there in each 
angle ? 

88. If two angles of a triangle are 50° and 70°, state values for all interior 
and exterior angles of the triangle. 

89. If two angles of a triangle are 60° and 70°, how many degrees in the 
angle formed by the bisectors of these angles ? 

80. The sum of the three exterior angles of a triangle formed by produc- 
ing the sides in succession is equal to four right angles. 

31. If two parallel lines are cut by a transversal, the bisectors of the inte- 
rior angles on the same side of the transversal are perpendicular to each 
other. 

32. The bisector of any exterior angle of an equiangular triangle is paral- 
lel to the opposite side of the triangle. 

38. If from any point in the bisector of an angle a parallel to one of the 
sides be drawn, an isosceles triangle is formed by the bisector, the parallel, 
and the remaining side of the angle. 
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Theorem XXV 

73. If two right triangles have a side and an OjCute an- 
gle of one equal respectively to a side and an OjCute angle 
of the other, the triangles are equal. 



Hyp. In the rt. A ABC and RST, let rt. Z B = rt. Z /S, Z (7 
^/.T,AB= RS. 

To prove A ABC =ABST. 

SuG. Apply Theo. XXIV, Cor. 4, and Theo. VII. 
Conclusion. 

Theobem XXVI 

74. If two triangles have two angles of one equal respec- 
tively to two angles of the other and the sides opposite a 
pair of equal angles equal, the triangles are equal. 



Hyp. In the JkXYZ and BST, let ZX = ZB, ZZ=ZT, 
and side XY= side BS. 
To prove A XTZ = A BST. 

SuG. See Theo, XXIV, Cor. 3, 
Conclusion. 
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Theorem XXVII 

75. (Converse of Theo. VIII.) If two angles of a triangle 
are equal, the sides opposite them are equal, and the tri- 
angle is isosceles. 



Hyp. In A ABC,letZA = ZB. 

To prove that AC = BCy or that A ABC is isos. 

SuG. 1. jyTs.w CD ±AB, 

SuG. 2. Compare A ACD and BCD. 

Conclusion. 

76. Cor. An equiangular triangle is also equilateral. 



EXERCISES 

84. Prove Theo. XXV iiZA = ZIi and side BG = side ST. 

85. If the angle at the vertex of an isosceles triangle is 35° 40', how many 
degrees are there in either of the angles at the base ? 

36. Prove Theo. XXVII by drawing CD bisecting Z C. 

37. The bisector of the vertical angle of an isosceles triangle is perpen- 
dicular to the base. (Prove from Ex. 36.) 

38. The bisectors" of the equal angles of an isosceles triangle form, with 
the base, another isosceles triangle. 

89.^ AM is the bisector of a base angle of the isosceles triangle ABC^ the 
bisector meeting the side BC in M; the vertical angle is 28°. How many 
degrees are there in angle AMC ? 
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Theorem XXVIII 

77. If two angles of a triangle are unequal, the sides 
opposite them are unequal, the greater side being oppo- 
site the greater angle. 



Hyp. InA^lBC;ietZ(7be > ZA 

To prove that AB > BC, 

SuG. 1. Through C draw CM, making AACM^ A MAO. 

Sua. 2. Compare A3f and Oillf. Auth. 

SuG. 3. Compare BO and BM+ CM. Auth. 

SuG. 4. Substitute result of Sug. 2 in result of Sug. 3. 

Conclusion. 

78. Cor. T!ie hypotenuse is tJie greatest side of a right triarigle, 

79. Problem X. Given two angles of a triangle, to find the 
third angle; 
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Theorem XXIX 

80. (Converse of Theo. XXVIII.) If two sides of a tri- 
angle are unequal, the angles opposite them are unequal, 
the greater angle being opposite the greater side. 



Hyp. In the A ABC, let AB be > BC. 
To prove that Z C > Z A 

Sua. 1. Either /.C^ZA, /.C</.A,orZC>/.A. 

SuG. 2. Prove that the first two statements lead to results 
inconsistent with the hypothesis, stating authorities. 

SuG. 3. If, out of three possible statements, two have been 
proved incorrect, what follows regarding the third ? 

Conclusion. 

Note. This method of proof is commonly known as reductio ad ahsurdum^ 
or the indirect method. By the direct method the hypothesis is taken as the 
basis and from it the conclusion is obtained by the direct application of 
axioms and theorems already known ; by the indirect method it is assumed 
that the conclusion to be proved is not true, and it is then shown that 
this assumption leads to an absurdity or to a result inconsistent with the 
hypothesis. What theorems have already been proved by the" indirect 
method ? 
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Theorem XXX 

81. A -perpendicular is the shortest line that can he 
drawn from a point to a line. 



Hyp. From C, any pt. outside AB, let CD be ± AB at D. 

To prove that CD is the shortest line that can be drawn from C 
to AB, 

SuG. 1. Draw CE any other line from C to AB. 
SuG. 2. In A CDE compare Z 2) and Z E, 
SuG. 3. Then compare CE and CD, Auth. 
Conclusion. 

82. Cor. Tlie shortest distance from a point to a line is the 
perpendicular from the point to the line. 



EXERCISES 



40. How many degrees are there in each angle of an equilateral triangle ? 

41. In the isosceles triangle ABG^ let perpendiculars AM and BN be 
drawn from the vertices of the equal angles A and B to the opposite sides. 
VroNe AM =BN. 
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Theorem XXXI 

B3. If a perpendicular and oblique lines he drawn from 
a point to a line: 

I. Two oblique lines which meet the given line at equal 
distances from the foot of the perpendicular are equal, 

II. Of two oblique lines meeting the given line at un- 
equal distances from the foot of the perpendicular, the 
more remote is the greater. 



Hyp. Let SR he A. XY at S, and let RK, RN, and RL be 
oblique lines so drawn that SK= SL and SN> SL. 

NoTB. For convenience in following suggestions, lay off 8N and 8K to 
the left of JL, SL to the right. 

To prove that (1) RK= RL, (2) RN> RL. 

SuG. 1. Compare A KRS and LRS, 
First conclusion. 

SuG. 2. Compare A SKR and RLS. Auth. 
SuG. 3. Compare A SNR and SKR, Auth. 
SuG. 4. Compare A SNR and RLS. Auth. 
SuG. 5. From conclusion in Sug. 4, compare iZ-Y and RL, con- 
sidering them as sides of A RNL. Auth. 
Second conclusion. 
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Theorem XXXII 

84. Two equal oblique lines drawn from a point in a 
perpendicular to a given line, cut off equal distances from 
the foot of the perpendicular. 



Hyp. Let J5^ be X XFat S. From JV, any pt. in BSy draw 
NR and NT, equal oblique lines, to XT, 

To prove that R8 = T8. 

SuG. Compare A NBS and NST 
Conclusion. 

Theorem XXXIII 

85. Two unequal oblique lines drawn from a point in 
a perpendicular to a given line, cut off unequal distances 
from the foot of the perpendicular, the longer line cutting 
off the greater distance. 



Hyp. Let BS be ± XT at 8. Of the oblique lines NR and 
NT, let NR be < NT 

To prove that 8R > 8T 

SuG. Use method suggested in Theo. XXIX. 
Conclusion. 
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Theorem XXXIV 

86. If two right triangles have the hypotenuse and a 
side of one equal respectively to the hypotenuse and a side 
of tJie other, the triangles are equal. 



Hyp. In rt. A ABC and RST, let hypo. AC = hypo. RT, side 
AB = side MS. 

To prove that A ABC = A RST. 

SuG. 1. Place A ABC in plane of A RST so that AB coin- 
cides with RS, pt. C falling on opp. side of RS from T. 

SuG. 2. What kind of line is CST? Auth. 

SuG. 3. Since CR = RT, what follows regarding CS and ST? 
Auth. 

Conclusion. 

EXERCISES 

42. In a triangle ABC, ZA = 2ZB, ZB = SZC. Find the value of 
each angle. 

48. A line drawn from the vertex of the right angle of a right triangle to 
the middle point of the hypotenuse divides the triangle into two isosceles 
triangles. 

44. Collect all theorems by means of which triangles in general are proved 
equal ; by means. of which right triangles are proved equal. 
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t 
Theorem XXXV 

87. If two lines be drawn from a point in a triangle to 
the extremities of a side, the sum of these lines is less than 
the sum of the other two sides of the triangle. 



Hyp. Let D be any pt. in A ABC, DB and DC lines drawn 
from D to B and C respectively. 

To prove that BA -{- AC > BD -{- DC. 

SuG. 1. Produce BD to meet AC at E. 

SuG. 2. Compare BA -h AE with BE, and then by adding EC 
to both sides compare BA + AE -f EC with BE + EC Auth. 

SuG. 3. Compare DE + EC with DC, and then by adding BD 
to both sides compare BD + DE + EC with BD + DC Auth. 

SuG. 4. Then compare BA -f AC with 5Z> + DC. 

Conclusion. 



EXERCISES 



46. If any point within a triangle be connected with the vertices, the sum 
of these lines is greater than half the perimeter of the triangle. 

46. If one of the acute angles of a right triangle is 68° 13' 32", what is the 
value of the other acute angle ? 

47. If one of the acute angles of a right triangle is twice the other, what 
is the value of each angle ? 

48. Collect all the theorems by means of which two angles may be proved 
either directly or indirectly equal. 
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Theorem XXXVI 

88. If two triangles have two sides of one equal to two 
sides of the other and the included angles unequal, the 
remaining sides are unequal, that being greater which 
belongs to tJie triangle having the greater included angle. 



Hyp. In A ABO and ABO, let AB^AB\ AC^ACP, 
ZA>ZA'. 

To prove that BC > B'C. 

SuG. 1. Place A ABC in plane of A A' B'C so that AB coin- 
cides with A'B'. What position will AC take with respect to 
A'C? Why? 

SuG. 2. Draw OC. What kind of triangle is A C'A'C? 
Compare A CCA' and A'CC. 

SuG. 3. Compare A B'C'C and CCB'. 

SuG. 4. Compare lines B'C and B'C, or their equivalents BC 
and B'C. 

Conclusion. 

EXERCISES 

49. In Theo. XXXVI, after applying A ABC to A A' B'C in the way 
mentioned, draw a line from A' bisecting Z C'A'C and meeting B'C at 2) 
and draw DC, Show that DC = DC and that B'D + DC, or the equivalent 
B'D-^DG,<BfC. 
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Theorem XXXVII 

89. If two triangles have two sides of one equal to two 
sides of the other and the third sides unequal, the angles 
opposite the third sides are unequal, that being greater 
which is opposite the greater third side. 



Hyp. In A ABC and AB^C\ let AB = A'B', AC^A'C, 
BC>BC, 

To prove that /.A>/.A\ 

SuG. Use method employed in Theos. XXIX and XXXIII. 
Conclusion. 

Topics for Definition. 

90. Quadrilateral. 

Trapezium. 
Trapezoid. 
Bases, legs, altitude. 

91. Parallelogram. 

Bases, altitude, diagonals. 
Rhomboid. 
Rectangle. 
Rhombus. 
Square. 
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Theorem XXXVIII 
92. The opposite sides of a parallelogram are equal. 



Hyp. Let ABCD be a O. 

Note. These letters are given in rotation around the figure and are read 
counter-clockwise. 

To prove that AB = CD or AD = BG, 

SuG. 1. Draw diagonal AC, 

SuG. 2. Compare A ABC and ACD. 

Conclusion. 

93. Cor. The diagonal of a parallelogram divides it into tivo 
equal triangles. 

Theorem XXXIX 

94. T?ie opposite angles of a parallelogram are equal. 

Note. Use figure for Theo. XXXVIII. 

SuG. Draw diagonal, comparing the A formed. 
Conclusion. 



EXERCISES 



60. Construct a parallelogram ABCD, given AB =± 1 inch, AD = 2 inches, 
andZ^ = 45°. 

61. The sum of the interior angles of a parallelogram equals four right 
angles. 

Sdg. Consult Theo. XVIII. 
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Theorem XL 

95. If a quadrilateral has two of its sides equal and 
parallel, it is a parallelogram. 



Hyp. In quad. ABCD let BC = AD, let EC be II AD. 

To prove that ABCD is a O. 

SuG. 1. Draw diagonal AC. 

SuG. 2. Compare A ABC and ACD. 

SuG. 3. Compare A BAC and ^4(7Z>. 

SuG. 4. What follows regarding ^^ and CD? 

Conclusion. 

Theorem XLI 

96. A quadrilaleral whose opposite sides are equal is a 
parallelogram. 



Hyp. In quad. ABCD, let BC = AD, AB = CD. 

To prove that ABCD is a O. 

SuG. Follow method used in Theo. XL. 
Conclusion. 
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Theorem XLII 

97. Tivo parallelograms having two sides and the in- 
cluded angle of one equal to two sides and the included 
angle of the other are equal. 



Hyp. In m ABCD and AB^OD\ let AB = A^B\ AD = A'D\ 
AA^AA, 

To prove that O ABOD = O A'B^CU. 

SuG. 1. Place O AC on O AO so that AB coincides with 
AB\ then AD will coincide with A'D\ Why ? 
SuG. 2. What direction will BC take ? Why ? 
SuG. a What direction will DC take ? Why ? 
Conclusion. 

Theorem XLIII 

98. The diagonals of a parallelogram bisect eojch other. 



Hyp. In O ABCD, let ^O and BD intersect at X. 

To prove that ^X= CX, BX= DX, 

SuG. Compare A AXD and 5XC 
Conclusion. 



J 
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EXERCISES 



52. If one angle of a parallelogram is a right angle, the figure is a 
rectangle. 

58. The line joining the middle points of the sides of a square taken in 
order inclose a square. 

SuG. In the square ABGD let E be middle point of AB\ F, of BC; 
Gy of CD ; and H, of AD. 

Prove AAEH and BEF each equal to 45°. .'. ZHEF= 90°. Auth. 
Finish proof. 

Theorem XLIV 

99. The sum of the interior angles of a polygon is equal 
to twice as many right angles a^ the polygon has sides 
m,inus four right angles. 



Hyp. Let A-E be a polygon of n sides. 

To prove that sum of int. A of polygon A-E = 2 n rt. ^ — 4 rt. z^, 
or (2n-4)rt.A 

SuG. 1. Connect all vertices with some pt. within, as 0. 
SuG. 2. From sum of int. ^ of A thus formed deduct the sum 
of A about 0. 
Conclusion. 

100. Cor. In an equiangular polygon of n sides, the value of 

, , , (2n - 4) rt.^ 
eacJi angle equals ^ i . 
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Theorem XLV 

101. If the sides of a polygon be produced in succession, 
the sum of the exterior angles thus formed equals four 
right angles. 



SuG. 1. What is the sum of ext. and int. A at each vertex ? 
at all the vertices ? Auth. 

Sua. 2. What is sum of int. A alone ? Auth. 
SuG. 3. What then is the sum of ext. A alone ? 
Conclusion. 



EXERCISES 



54. How many degrees are there in the interior angles of a pentagon, a 
hexagon, an octagon, a decagon ? 

55. How many degrees are there ineach angle of an equiangular pentagon, 
hexagon, octagon, or decagon ? 

56. How many sides has an equiangular polygon, four of whose angles 
are together equal to seven right angles ? 

57. If the angles at the base of a trapezoid are equal, the non-parallel 
sides are equal. 

58. State and prove the converse of Ex. 54. 

69. The diagonals of a rhombus are perpendicular to each other and 
bisect the angles of the rhombus. 

60. In an isosceles trapezoid, each base makes equal angles with the legs. 

61. If the angles adjacent to one base of a trapezoid are equal, those 
adjacent to the other base are also equal. 
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62. ABCD is a trapezoid whose parallel sides are AD and BC, If E and 
F are the middle points of AB and CD respectively, prove EF II AD, 

102. Def. The locus of a point is the line, or lines, which con- 
tain all the points that satisfy a given condition. In proving a 
theorem under loci, two facts must be established : 

(1) that every point in the supposed locus fulfils the given 
condition ; 

(2) that no point outside the supposed locus fulfils the given 
condition. 

Example. The locus of all points equidistant from two given 
points is a straight line bisecting at right angles the line joining 
the given points. 

Hyp. Let A and B be two given pts. 

To prove that XF, ± to AB at its middle pt. C, is the required 
locus. 

Proof. (1) Every pt. in XFis equidistant from A and B, 

Theo. X. 
(2) Every pt. without XF is unequally distant from A and B, 

Theo. XI. 
.-. XFis the locus of all pts. equidistant from A and B, q.e.d. 



EXERCISES 

63. What is the locus of all points at a given distance from a given line ? 

64. What is the locus of all points equidistant from two parallel lines ? 

65. The locus of all points equidistant from the sides of an angle is the 
bisector of the angle. 

Suo. 1. Let BD be the bisector of Z ABC, and from X, any pt. in BDj 
draw XT ± JBC and XZ ± BA. Prove XY = XZ. 

SuG. 2. From K, any pt. without BD, draw KM ± BC, and KN' ± BA 
and cutting BD at P. Draw PB ± BG and BK. 

MK< BK; RK< KP + RP or BK<: KP + PN. 

What follows regarding ilfX.and KN^ 



BOOK II 

THE CIRCLE 

ARCS, CHORDS, TANGENTS, AND MEASUSEHENT 
OF ANGLES 



Topics for Definition. 




103. Revolution. 




104. Circle. 




Centre. 


Tangent. 


^ Radius. 


Point of tangency. 


Circumference. 


Sector. 


Arc. 


Segment. 


Chord. 


Central angle. 


Diameter. 


Inscribed angle. 


Secant. 





106. Axiom 13. Radii of the same circle or of equal circles 
are equal. 



46 
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Theorem I 

106. The diameter of a circle is greater than any other 
chord; and it bisects the circle and the circumference. 



H3rp. In the O ADBE, let C be the centre, AB a diameter, 
and AD any other chord. 

To prove first, that AB > AD ; second, that AB bisects O C 
and circumference ADBE, 

SuG. 1. Draw radium C2>. Compare AD with AG+ CD. Auth. 
SuG. 2. Compare AD with AC + CB. 
First conclusion. 

SuG. 3. Revolve segment ADB about AB into plane of seg- 
ment AEB. Why will ^ ADB and AEB coincide ? 
Second conclusion. 

Topics for Definition. 

107. Semicircle. 

Semicircumference. 



EXERCISES 



66. What is the locus of all the points equidistant from a given point ? 
67. . What is the locus of all the points equidistant from the circumference 
of a given circle ? 
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Theorem II 

108. In the same circle, or in equal circles, equal central 
angles intercept equal arcs. 



NoTB. For convenience of construction, confine AACB and VCB' to 
upper half of (D C and C. 

Hyp. In the equal (D G and O, let Z AGB = Z ACB\ 
To prove that ^ AB = ^ ul'J5'. 

SuG. 1. Apply O C to O (7 so that ^C coincides with AC\ 
Why is this possible ? Then C5 will take the direction of OB^ 
and B will fall on B\ Why ? 

SuG. 2. Where will ^ ^5 fall ? Why ? 

Conclusion. 

Theorem III 

109.- (Converse of Theo. II.) In the same circle, or in 
equal circles, equal arcs subtend equal central angles. 

Note. In constructing a figure for this theorem, use the lower half of 
circles constructed under Theo. IL 

Hyp. In the equal (D C and (7, let rs Xr== ^ X' F. 

To prove that /LXCT=^A X'C" F. 

SuG. Prove by method of superposition. 
Conclusion. 
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110. Scho. In the same circle, or in equal circles, the greater 
of two central angles intercepts the greater arc ; conversely, the 
greater of two arcs subtends the greater central angle. 

Theorem IV 

111. If, in t?is same circle, or in equal circles, two arcs 
are equal, the chords sul)tending them are equal. 



Note. Use arrangement for figures employed in Theos. IT and III. 

Hyp. In the equal (D S and /S', let ^ XF = ^ JT T. 

To prove that chord Xr= chord XT'. 

SuG. 1. Draw radii XS, YS, X/S', and TS'. 

SuG. 2. Compare A S and /S". Auth. 

SuG. 3. Compare A X/SF and X/ST'. Auth. 

Conclusion. 

Theorem V 

112. (Converse of Theo. IV.) If, in the same circle, or in 
equal circles, tivo chords are equal, the arcs subtended hy 
them are equal. 

Hyp. In the equal (D 8 and S\ let chord AB = chord A^B\ 

To prove that ^ AB == ^ AB\ 

SuG. 1. Compare A ASB and A^S^B\ Auth. 
SuG. 2. Compare A S and S\ Auth. 
SuG. 3. Compare ^ AB and A^B\ Auth. 
Conclusion. 
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Theorem VI 

113. In the same circle, or in equal circles, the greater 
of two unequal arcs, neither of which exceeds a semi- 
circumference, is subtended by the greater chord. 



NoTB. Use arrangement for figures employed in Theos. II and IIL 

Hyp. In the equal © S and F, let ^ ^T be > ^ XZ. 

To prove that chord RT> chord XZ, 

Sua. 1. Draw radii RS, TS, XT, and ZY. 
SuG. 2. Compare A EST and XYZ, referring to Bk. I, Theo. 
XXXVI. 
Conclusion. 

Theorem VII 

114. (Converse of Theo. VI.) In the same circle, or in 
equal circles, the greater of two unequal chords subtends 
the greater arc, if neither arc exceeds a semicircumr- 
ference. 

Hyp. In the equal ®S and F, let chord AB be > chord CD. 

To prove that ^ AB > ^ CD. 

SuG. 1. Draw radii SA, SB, YC, and YD. 
SuG. 2. Consult Bk. I, Theo. XXXVIL 
Conclusion. 
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Theorem VIII 

115. A diameter perpendicular to a chord bisects the 
chord and its subtended arcs. 



Hyp. In the O C, let the diameter DS be ± chord LMy inter- 
secting LM at B. 

To prove that LB = BM, also r^LD = r^DM and ^LS = 

SuG. 1. Draw radii LC and MC. 
SuG. 2. Compare A LBC and MBC. Auth. 
First conclusion. 

SuG. 3. ZLCB = ZMCB. Why? Theref ore ^ Z2) = ^n i>Jtf. 
Auth. Also^Z/S' = /^/SJIIf. Auth. 
Second conclusion. 



EXERCISES 



68. In the same circle, or in equal circles, equal central angles include 
equal sectors, and conversely equal sectors are included by equal central 
angles. 

69. What is the locus of all points equidistant from the extremities of a 
chord ? 
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Theorem IX 

116. A line perpendicular to a chord a4> its middle point 
passes through the centre of the circle. 



Hyp. In the O C, let DX be J. chord AB at its middle pt. D. 

To prove that DX passes through C 

SuG. 1. rrom C draw a line assumed to be ± AB. This line 
must pass through D. Auth. 

SuG. 2. Show that DX and DC must coincide. Auth. 
Conclusion. 



EXERCISES 



70. Prove that the method used in Problems I and II, Bk. I, is correctl 

71. Show how to bisect a given arc. 

72. Show how to divide a given arc or angle into four equal parts. 

73. A diameter passing through the middle point of a chord is perpendicu- 
lar to the chord and bisects the subtended arcs. 

74. A diameter drawn to the middle point of a given arc bisects the chord 
of the arc and is perpendicular to it. 

75. If two chords of a circle cut each other and make equal angles with 
the straight line which joins their point of intersection to the centre, the 
chords are equal. 
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Theorem X 

117. In the same circle, or in equal circles, equal chords 
are equidistant from the centre; and of two unequal 
chords the grealer is nearer the centre. 



Part 1. H3rp. In the equal © C and S, let chord BD = chord 
XZ. Also let OJlf be ±BD from C, SW±XZivom S. 

To prove that Cif = S W. 

SuG. 1. Draw radii CD and SZ, 

SuG. 2. Compare MD and WZ, Auth. 

SuG. 3. Compare A CMD and S WZ. Auth. 

Conclusion. 

Part 2. Hyp. In the equal (D C and S, let chord BH be > 
chord XZ, and let CF he Jl BH from C, SW drawn as in 
Hyp. of Part 1. 

To prove that SW> CF. 

SuG. 1. On ^ BH lay off r^ BD equal ,to ^ XZ. Draw Oif ± 
chord BD from (7, cutting chord BH at ^. 

SuG. 2. Compare 03f and CTZ". Auth. 

SuG. 3. Compare C^and CF. Auth. 

SiTG. 4. Therefore what relation has CM, or its equal S W, 
to CF? Auth. 

Conclusion. 
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Theorem XI 

118. A straight line perpendicular to a radius ojb its 
extremity is tangent to the circle* 



Hyp. Let CB be a radius of the O C and XT be ± CB at its 
extremity B. 

To prove that XF is tangent to O C at B. 

SuG. 1. From any other pt. in XF except -B, as M, draw MC. 
SuG. 2. MC>Ba Auth. 

SuG. 3. Why does the statement in Sug. 2 prove XF tangent 
toOG? 
Condusion. 

119. Problem "XI. To draw a tangent to a given circle: first, 
from a point in the circumference ; second, from a point without 
the circle. 
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Theorem XII 

120. If a straight line is tangent to a circle, the radius 
meeting it a^ the point of contact is perpendicular to it. 



YLjp. Let XFbe tangent to O at Z, and let CZ he sl radius. 

To prove that CZ± XT. 

SuG. See Bk. I, Theo. XXX, Cor. 
Conclusion. 

Theorem XIII 

121. Two tangents to a circle from an outside point are 
equal. 



Hyp. Let PX and PF be tangents to the O C from an outside 
pt.P. 

To prove that PX = PT. 

SuG. 1. Draw PC, XC, and YC. 
Sua 2. Compare A PXC and PYG. 

Conclusion. 



56 PLANE GEOMETRY, BOOK II 

Theorem XIV . 

122. Arcs of a circle intercepted by parallel lines are 
equal. 



Hyp. In the O C, let chord PQ be II chord BD, 
To prove that ^ PB = /-^ QZ>. 

SuG. 1. Draw the diameter MS ± PQ, intersecting PQ at JV, 
BD at R. 

SuG. 2. What relation has MS to BD ? Auth. 

SuG. 3. ^ PM = /-N QM. Auth. 

SuG. 4. /^ ^/S = ^ DS. Auth. 

SuG. 5. (^ PJf 4- /-njBaS) has what relation to ^PB? Also, 
(^ QJIf + ^ ^aS) has what relation to ^QD? 

SuG. 6. What follows regarding ^ PB and QD ? Why ? 

Conclusion. 

SuG. 7. Prove also if one of the II lines is a tangent; if both 
are tangents. 

Note. The method above applies whether the chords are on the same 
side or on opposite sides of the centre. A simpler method of proof also 
applies if the chords are both on the same side of the centre. 

123. Cor. The straight line joining the points of tangency of two 
parallel tangents is' a diameter of the circle. 
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Theorem XV 

124. Through three points not in the same straight line, 
one circumference, and only one, can be drawn. 



Hyp. Let A, B, and C be three pts. not in same st. line. 

To prove that one circumference, and only one, can be drawn 
through A, B, and C. 

SuG. 1. Draw lines AB and BG, and erect a ± to each at its 
middle pt. Let these Js intersect at 0. Draw OA, OB, and 00. 

SuG. 2. Compare OA with OB-, OB with 00. Auth. 

SuG. 3. What relation, therefore, has with A, B, and ? 

SuG. 4. If one circumference can be drawn through A, B, and 
Of why cannot a second be drawn through the same pts. ? 

Conclusion. 

125. Cor. TYuo circles cannot intersect in more than two points. 



EXERCISES 



76. What is the locus of the middle points of a series of parallel chords ? 

77. What is the locus of the middle points of a series of equal chords of a 
circle ? 
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126. The ratio of one quantity to another of the same kind is 
the quotient of the first divided by the second. 

The ratio of a to & is expressed as - or a : 6. 

b 

127. A proportion is the equality of two ratios. 

128. Two quantities are commensurable when they have a 
common measure; that is, when a third quantity can be found 
which will be contained an integral number of times in each. 

129. Two quantities are incommensurable when they have no 
common measure. The ratio of such quantities is called an incom- 
mensurable ratio. /^ 

An illustration of such a ratio is the ratio — r— 

4 

130. A constant is a quantity whose value remains fixed through- 
out a given discussion. 

131. A variable is a quantity which may assume an indefinite 
number of values throughout a given discussion. 

132. The limit of a variable is the constant from which the 
variable can be made to differ by less than any assigned value 
but to which it can never be made equal. 



Theory of Limits 

133. If two variables are always equal as they apprpa/ih 
their limits, the limits are equal. 

Two variables which are always equal may be considered as 
but one variable. They must necessarily approach the same limit. 

Note. A more exhaustive explanation of the Theory of Limits may be 
given here at the discretion of the teacher. 
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Theobem XVI 

134. In the same circle, or in eqivoL circles, central angles 
have the same ratio as their intercepted arcs. 



Case I. When the intercepted arcs are commensurable. 

Hyp. In the equal (D C and C, let the central AACB and DCE 
intercept the commensurable arcs AB and DE respectively. 

To prove that ^^^^=:i^. 
^ ZDCE ^DE 

Proof. With a unit of measure common to '^ AB and DEj divide 
o. AB into m equal parts, ^ DE into 7i equal parts. Each division 
of /-^ AB = each division of ^ DE. 

Then^ = !?^. 
r^DE n 

Connect pts. of division on '^ AB and DE, with G and C 
respectively. 

Z ACB is divided into m equal A, Auth. 
Z DCE is divided into n equal A Auth. 
Each division of Z -4CjB = each division of Z DOE. 



ZACB _m 

Auth. 



Z Z>C"J^ n 
ZDCE ^DE 
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Case II. When the intercepted arcs are incommenaurable. 



Hyp. In the equal (D O and (7, let the central A ACB and 
DCF intercept the incommensurable 'S' AB and DF respectively. 

To prove that 4^ = ^^. 

Proof. Let r\ AB be divided into any number of equal parts, 
and apply one of these parts to r-sDF. As ^AB and DF are 
incommensurable, ^ DF will be divided into a certain number of 
equal parts with a remainder XF less than the divisor. 

Draw XC. 

Then4^^ = :i^. Auth. 
ZDCX ^DX 

Consider the unit of measure of the r^AB to be indefinitely 
diminished. Then as the remainder must always be less than the 
divisor, XF will also indefinitely diminish. 

Variable ADC'X will gradually increase, approaching as its 
limit Z DC'F. 

Variable ^ DX will approach as its limit ^ DF. 
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/• variable ratio y^^^ will approach as its limit » 

Also variable ratio "^ ^ ■ will approach as its limit ^ • 

...44^=Cl4|. Auth. 

Q.E.D. 

• ■ ' 

135. Scho. From the preceding theorem it may be said that a 
central angle is measured by its intercepted arc. 

An angle of 40® intercepts, therefore, an arc of 40**. 
A right angle intercepts an arc of 90°, commonly called a 
quadrant. 

136. Problem XII. To find the centre of curvature of a given 
arc or circle. 

SuG. See Bk. II, Theo. XV. 



EXERCISES 



78. How many (Agrees are there in a central angle which mtercepts one- 
third of a circumference ? 

79. State the complement and supplement of an arc of 37*^; of 53° 36'. 
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Theorem XVII 

137. An inscribed angle is Tneasured by one-half its 
intercepted arc. 



Case I. When one side of the angle is a diameter of the circle. 
Hyp. In the O 0, let the inscribed Z CAB be formed by the - 
chord AG and the diameter AB. 

To prove that Z CAB is measured by ^ r\BC. 

SuG. 1. Draw radius CO and compare A CAB and ACO, 
Auth. 

SuG. 2. Compare the sum of the A CAB and ACO with 
ZCOB. Auth. 

SuG. 3. Compare in magnitude A CAB and COB. 

SuG. 4. Z CO-B is measured by what arc ? Auth. Therefore 
Z GAB is measured by what ? Auth. 

Conclusion. 

Case II. When neither side of the inscribed angle is a diameter. 

SuG. Draw a diameter from the vertex of the angle, and apply 
Case I. 

Conclusion. 

138. Cor. An angle inscribed in a semicircumference is a right 
angle. 
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139. Problem XIII. To draw a circle tangent to a given circle. 



Theorem XVIII 

140. An angle formed by a tangent and a chord is meas- 
ured by one-haZf the intercepted arc. 



Hyp. Let AB be tangent to O (7 at pt. D, and let DE be a 
chord of the circle. 

To prove that ABDE is measured by ^ ^ DE. 

SuG. 1. Draw diameter DF. 

SuG. 2. Z BDF is what kind of Z, and is therefore measured 
by how much of semicircumference Z>F? 
. SuG. 3. Z EDF is measured by what ? Auth. 

SuG. 4. Therefore Z BDE is measured by what ? 

Conclusion. , 
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Theobem XIX 

141. An angle formed by two intersecting chords is meas- 
ured by one-half the swm of the intercepted arc and the 
arc intercepted by its vertical angle. 



Bjp. In O ADBC, chords AB and CD intersect at F. 

To prove that Z.AFC is measured by |^ ( ^AC + r\ BD). 

SuQ. 1. Draw chord CE II AB, 
SuG. 2. Compare ^ AC and BE. Auth. 
SuG. 3. Compare A AFC and FCE, Auth. 
SuG. 4. But Z.FCE is measured by one-half the sum of what 
arcs ? Auth. 
Conclusion. 

EXERCISES 

80. All angles inscribed in the same segments are equal. 

81. Connect in succession any four points in the circumference of a circle 
and prove that either pair of opposite angles are supplementary. 

82. An angle inscribed in a segment greater than a semicircle is acute ; 
and an angle inscribed in a segment less than a semicircle is obtuse. Two 
chords perpendicular 1^ a third chord at its extremities are equal. 
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Theorem XX 

142. An angle formed hy two secants intersecting vxithout 
a circumference, by two tangents, or by a tangent and a 
secant, is m^easured by one-half the difference of the inter- 
cepted arcs. 



Part I. H3rp. From A, a pt. without the O (7, let two secants 
be drawn intersecting the circumference in pts. D and By E and 
Fj respectively. 

To prove that Z BAF is measured by \ (/^ BF — r:^ DE). 

SuG. 1. Draw chord ^Jlf II jBA 

SuG. 2. Method of proof similar to that of Theo. XIX. 

Parts II and III. Proofs to be worked out by the pupil. ' 

Conclusion. 

NoTB. The space below is reserved for the figures for Theo. XX, Farts 
II and III. 
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EXERCISES 

88. To constract an isosceles triangle, given the base and altitude. 
Sdo. See Bk. I, Theo. XXXL 

84. To construct an isosceles triangle, given the altitude and angle at the 
vertex. 

85. To construct a parallelogram, given two diagonals and the angle to be 
included by them. 

Suo. See Bk. I, Theo. XLIIL 

86. To construct a right triangle, given the hypotenuse and an acute angle. 
Suo. See Bk. I, Theo. XXIV, Cor. 2. 

87. If two equal chords of a circle intersect, their corresponding segments 
are equal. 

88. The lines joining the adjacent extremities of two equal chords of a 
circle are equaL 

89. If through any point in a radius two chords be drawn making equal 
angles with it, these chords are equal. 

90. The sum of the opposite sides of a quadrilateral described about a 
circle are equal. 

91. Find a point that is equidistant from three points not in the same 
straight line. 

92. Find the locus of the centre of a circle tangent to a given line at a 
given point. 

93. Find the locus of the middle points of equal chords of a given circle. 

94. Find the locus of the centre of a circle tangent to two parallel lines. 



BOOK III 
PROPORTIONAL LINES AND SIMILAR FIGURES 

THEORY OF PROPORTION 
Topics for definition. 

143. Proportion. 

Terms (a) Antecedents, Consequents. 

(b) Extremes, Means. 
Mean Proportional. 

Note. In the suggestions under the following propositions, the fractional 
form of the ratio is referred to. 

144. Proposition I. In a proportion the product of the 
extremes equals the product of the means. 

SuG. Multiply each ratio by product of consequents. 

145. Prop. II. If the product of two quantities equals the 
product of two other quantities, the favors of one product 
may he made the means, the factors of the other the 
extremes, of a proportion. 

146. Prop. III. Both terms of a ratio may he multiplied 
or divided hy the same quantity without changing the 
value of the ratio. 

147. Prop. IV. If four quantities are in proportion, they 
are in proportion hy inversion. 

If a\h=^c\d^ then 6 : a = (i : c. 
SuG. Divide 1 by each ratio or- apply Props. I and II. 

67 
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148. Prop. V. If four quantities are in proportion, they 
are in proportion hy aUerna;tion. 

If a : 6 = c : d, then a\c=^h:d, 

SuG. Multiply each ratio by -• 

c 

149. Prop. VI. If four quantities are in proportion, they 
are in proportion hy composition. 

If a:h^c\d, then a-\-h\b — c-{-d\d or a + 6:a = c-f-d:c. 
SuG. 1. To obtain the first conclusion, add 1 to each ratio. 
SuG. 2. To obtain the second conclusion, treat the given pro- 
poi-tion by inversion and then proceed as in Sug. 1. 

150. Prop. VII. If four qu^antities are in proportion, they 
are in proportion hy division. 

If a\h — c:d, then a — 6:6 = c — d:d or a — hia^c — d-.c, 
Sug. 1. To obtain the first conclusion subtract 1 from each ratio. 
' Sug. 2. See Sug. 2, Prop. VI. 

151. Prop. VIII. If four quantities are in proportion, they 
are in proportion hy composition and division. 

If a\b = c\d, then a-\-h\a — h=::^c-\-dic — d. 
Sug. Divide result of Prop. VI by that of Prop. VII. 

152. Prop. IX. In a series of equal ratios, the ratio of the 
sum of the antecedents to the sum of the consequents equals 
any one of the ratios. 

If a : 6 = c : d = e :/, then a-f-c + e:6 + d +/= a : h, 

Sug. 1. Let r = each ratio. Then - = r, - = r, etc. 

Sug. 2. Then a^hr, c = dr, etc. ^ ^ 

Sug. 3. By adding these equations (a + c + e) = (6 + d +/)r. 

Sug. .4. Divide by (6 + ^ 4-/). 

153. Prop. X. If three terms of a proportion are equal 
respectively to the corresponding term^s of another propor- 
tion, the fourth terms are equal. 
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Thsorbm I 

154. If parallel lines intercept eqiuil* segments on one 
transversal, they intercept equal segments on all trans- 
versals. 



Hyp. Let AE, BF, CO, and DH be I! lines cut by transversal 
XF at Af By G, and D respectively, and by transversal X'F' at 
E, F, O, and H respectively, and let AB =BG= GD. 

To prove that EF= FO = GH. 

SuG. 1. From E, draw ER !l AB meeting BF at R. In like 
manner draw FS II BG, OT II GD, 

SuG. 2. Compare ER with AB, FS with BG, etc., and from 
these results compare ER, FS, and GT. 

SuG. 3. Compare A ERF, FSO, and GTH. 

Conclusion. 

EXERCISES 

95. Find a fourth proportional to 7, 25, and 35. 

96. Find the third term of a proportion whose first, second, and fourth 
terms are 90, 170, and 510 respectively. 

97. Find a mean proportional between 28 and 63. 
96. Find a third proportional to 9 and 15. 
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Theorem II 

155. A parallel to one side of a triangle divides the 
other two sides proportionally. 

Case I. When the segments of the two sides are commensurable. 



NoTB. Fat figures for both parts of Theo. II in this space. 

Hyp. In A ABC, let DE be II BG, intersecting AB in 2>, AC 
in E, Let segments AD and DB be commensurable. 

To prove that 4^ = 4^. 
DB EC 

SuG. 1. With a unit of measure common to AD and DB, divide 

AD into m equal parts, DB into n equal parts. Then —— = — • 

SuG. 2. Through these pts. of division draw lines If BC, Then 

^ = ^. Auth. 
EC n 
Conclusion. 

Case II. When the segments of the two sides are incomm^en- 
surable. 

Hyp. In the A RST, let BC be II ST, and let segments BB and 
BS be incommensurable. 

Toprovethat^ = ^. 
^ BS CT 
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SuG. 1. Divide BB into any number of equal parts, and apply 
one of these parts to BS, It will be contained in BS a certain 
number of times with a remainder XS less than the divisor. 
Draw XY 11 ST. 

SuG. 2. For remainder of proof, follow method outlined in 
Bk. II, Theo. XVI, Case 11. 

Conclusion. 

156. Cor. If a line is parallel to one side of a triangle^ the ratio 
between either of the remaining sides and one of its segments equals 
the ratio between the other remaining side and its corresponding 
segment. 

Theorem III 

157. (Converse of Theo. II.) If a line divides two sides of 
a triangle proporttonaily, it is parallel to the third side. 



Ryp. In A XYZ, let DE divide XT and XZ in such a way that 
XD^XE 
DY EZ 

To prove that DE II YZ. 

SuG. 1. ^=^. Auth. 
XD XE 

SuG. 2. Through D, draw DB, assuming it to be II FZ, and 
apply Cor. under Theo. II. 

SuG. 3. Compare proportion thus obtained with the proportion 
in Sug. 1. What follows regarding XE and XB? Auth. Ke- 
garding DE and DB ? Auth. 

Sua 4. Why is 2)^ therefore II YZ? 

Conclusion. 



72 PLANE GEOMETRY, BOOK Ul 

Topics for Definition. 

158. Similar Polygons. 

Homologous angles. 
Homologous sides. 

169. Scho. In similar polygons, the ratio between any two 
homologous lines is called the ratio of similitude of the polygons. 

Theorem IV 

160. If two triangles have their homologovus angles 
equal, the triangles are similar. 



Hyp. In A ABC and A^BC, let ZA = AA\ ZB = Z.B\ 
ZC^ZC\ 

To prove that A ABC -- A A'B'C 

SuG. 1. Apply A ABC to A A'B'C'.so that Z A coincides with 
ZA^, and BO takes the position DE. 

SuG. 2. What relation follows between DE and BV ? Auth. 

S^a.3. :^ = ^. Auth. ...-^ = ^. 
A'B' A'C A'B' A'C 

SuG. 4. Apply A ABC again to A A'B'O so that Z B coincides 
with ZB\ 

AB BC 

SuG. 5. By similar method of proof show that = —ttz.' 

^ ^ A'B' B'C 
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SuG. 6. Using conclusions of Sug. 3 and Sug. 5, prove that the 
corresponding sides of the triangles are proportional. 
Conclusion. 

161. Cor. 1. If two triangles have two angles of one equal 
respectively to two angles of the other y the triangles are similar, 

162. Cor. 2. If two right triangles have (tn acute angle of one 
eqiial to an acute angle of the other, the triangles are similar. 

163. Cor. 3. If a line is parallel to one side of a triangle, a 
smaller triangle is formed similar to the given triangle. 

Theorem V 

164. i/ two triangles have an angle of one equal to an 
angle of the other, and the including sides proportional, 
the triangles are similar. 



Hyp. In the A RST and RS'T, let ZR = ZR' and let 
RS RT 



B'S' R'T' 

To prove that A RSTr^ to A R'S'T. 

Sug. 1. Apply A RST to A R'S'T' so that Z R coincides with 
Z R' and ST assumes the position XY. 

Sug. 2. Prove XFIl S'T and apply Theo. IV, Cor. 3. 
Conclusion. 
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Theorem VI 

165. If two triangles have their homologous sides pro- 
portional, the triangles are similar. 



Hyp. In A ABC and XYZ, ^^^ ^ = ^ = ||- 
To prove that A ABC ^AXTZ. 

SuG. 1. On XF take TA' equal to AB. On YZ take Y(7 
equal to BC. Draw A'C. 

SuG.2. AXYZ'^AA'YO'. Auth. 

SuG. 3. Obtain a proportion from the sides of these similar 
triangles, and compare it with the proportion in the Hyp. What 
follows regarding A'C and AC? Auth. 

SuG. 4. Compare A A' YO and ABC Auth. 

SuG. 5. Compare A ABC and XYZ. 

Conclusion. 

166. Problem XIV. To divide a given line into any number of 
equal parts. 
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Theorem VII 

167. The ratio of homologoibs altitudes of similar tri- 
angles equals the ratio of similitude of the triangles. 



Hyp. Let A ABC and JK/ST be similar, and let AD and EM be 
homologous altitudes. 

AD AB 



To prove that 



RM RS 



SuG. Compare A ABD and RSM, Auth. 
Conclusion. 



EXERCISES 



99. Two isosceles triangles are similar if tbeir vertical angles are equal. 

100. Two isosceles triangles are similar if an angle of one is equal to an 
homologous angle of the other. 

101. Two triangles are similar if their sides are respectively parallel. 

102. Two triangles are similar if their sides are respectively perpendicular. 

103. If the altitudes AD and BWot the triangle ABC intersect at Ey tri- 
angle AEW is similar to triangle BDE. 

104. The base and altitude of a triangle are 6 ft. and 3 ft. 6 in., respectively. 
The base of a similar triangle is 2 ft. 6 in. ; find its altitude. 
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Theobem VIII 

168. TJie bisector of an cmgle of a triangle divides the 
opposite side into segments proportional to the adja^cent 
sides. 



Hyp. Let AD bisect Z ^ of A ABC, 

To prove that 4€= ^. 
AB DB 

SuG. 1. Through B, draw a line II AD and meeting CA pro- 
duced at K, 

SuG. 2. Prove that A KAB is an isos. A. What lines are 
therefore equal ? 

SuG. 3. Apply Theo. II. to the A KBG, 

SuG. 4. Modify this proportion by referring to the last conclu- 
sion obtained from Sug. 2. 

Conclusion. 



EXERCISE 



105. The bisector of an exterior angle of a triangle divides the opposite 
side externally into segments proportional to the adjacent sides : thus, let the 
bisector of the exterior angle EAB of the triangle ACB meet the opposite 
side CB produced at 2> ; to prove that DB : DC = AB : AC, 
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Theorem IX 

169. If two polygons are cofmposed of the same number 
of triangles, simMar each to each and simMarly -placed, 
the polygons are similar. 



Hyp. In polygons ABODE and RSTVW, let A ABC, ACD, 
and ADE be similar respectively to A BST, ETV, and BVW, 
and similarly placed. 

To prove that polygon A-E ^ polygon E- W. 

Sua. 1. By comparison of the similar A in order, note that 

AB^BGfAC\ CDrAD\^DE ^ AE 
BS ST \Bt) TV \BVJ VW EW 

SuG. 2. By examining the horn. A of the similar A, prove that 
the hom. A of the polygons are equal. 
Conclusion. 

170. Problem XV. To construct a polygon similar to a given 
polygon on a given line homologous to one side of the given 
polygon. 
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Theobem X 

171. (Converse of Theo. IX.) Two similar polygons are 
composed of the same nuniber of triangles simMar each to 
ea^h and similarly placed. 



Hyp. Let A-E and B-Whe two similar polygons. 

To prove that A ABC, ACD, and ADE are similar respectively 
to A EST, BTV, and EVW, and similarly placed. 

SuG. 1. In comparing exterior triangles of the polygons, as, for 
example, A ABC and EST, consult Theo. V. 

Sua. 2. In comparing interior triangles, as A ACD and ETV, 
note that Z BCD = ZSTV (why ?), and that Z BCA = Z STE 
(why?), and from these equations show that ZACD = ZETV. 
In similar way, prove that ZADO^ZEVT Apply Theo. IV, 
Cor. 1. 

S(JG. 3. For polygons of more than 5 sides the method indicated 
in Sug. 2 for interior triangles will not apply. The proof of this 
case is left to the pupil. 

Conclusion. 
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Theorem XI 

172. The ratio of the perimeters of two similar polygons 
equals the ratio of sim^Uitude of the polygons. 



Hyp. Let A-E and E- W be two similar polygons and let P 
and P' represent their respective perimeters. 

To prove that PiP =zABiR8. 

SuG. Apply Prop. IX to the continued proportion between the 
horn, sides of the polygons. 
Conclusion. 

173. Problem XVI. To divide a given line into parts propor- 
tional to any given lines. 



80 PLANE GEOMETRY, BOOK IH 



Theobem XII 



174 If in a right triangle a perpendicular is droMm 
from the vertex of the right angle to the hypotenuse: 

I. The triangles thus formed are sim^Uar to the whole 
triangle, and to each other. 

II. The perpendicular is a mean proportional between 
the segments of the hypotenuse. 

III. Either side is a msan proportional between the 
whole hypotenuse and the ajdjacent segment. 



Hyp. In right A ABC, let AD be ± 5(7 from A, the vertex of 
the rt. Z. 

I. To prove that AABD^AACD, AABD^AABO, and 
AACD^AABO. 

SuG. Consult Theo. IV, Cor. 2. 

II. To prove that M==4^. 

AD DO 

SuG. Apply def. of similar polygons to A ABD and ACD. 
IILTop«,vethat||=^,also|g=^. 

SuG. Use method suggested under Part II of this theorem. 
Conclusion. 
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Theorem XIII 

175. If from a -point without a circle two secants are 
drawn, the product of one secant and its external segment 
equals the product of the other and its external segment. 



Hyp. Let the two secants AC and ^F intersect the circumfer- 
ence of a given O in points B and X, and Q and F, respectively. 

To prove that AOy.AB^AYy. AX. 

Sua. 1. Draw CXand BY. 
SuG. 2. Compare A AXC and ABT. Auth. 
SuG. 3. Apply Prop. I to proportion obtained from previous 
suggestion. 
Conclusion. 

176. Cor. If a tangent and a secant meet without a cirdey the 
tangent is a mean proportional between the whole secant and its 
extemaX segment, 

SuG. 1. Construct a circle 0, and from an outside point A 
draw tangent AC, and secant ^ F intersecting circumference at X 
and T, Draw CX and CY, 

SuG. 2. Compare A ACX and ACT. 
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Theorem XIV 

177. If two chords of a circle intersect, the product of 
the segments of one equals the product of the segments of 
the other. 



Hyp. In O ADBC, let chords AB and CD intersect at X 

To prove that AX x XB=:CXx XD. 

Suo. 1. Draw AD and BO. 

Sua 2. Compare A AXD and BXC. Auth. 

Sua. 3. See Sug. 3 under Theo. XIII. 

Conclusion. 

178. Problem XVII. To find a fourth proportional to three 
given lines. 
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179. Problem XVIII. To find a mean proportional between two 
given lines. 



EXERCISES 



106. A secant from a given point without a circle is 1 ft. 6 in. long, and 
its external segment is 8 in. long. Find the length of a tangent from the 
same point. 

107. If one side of a polygon is 2 ft 6 in. long, what is the length of the 
homologous side of a similar polygon, if their perimeters are respectively 
16 ft. and 25 ft.? 

108. If the segments of the hypotenuse of a right triangle made by the 
perpendicular from the vertex of the right angle are 6 in. and 4 ft., find the 
length of the perpendicular and the length of each of the sides including the 
right angle. 

109. The diagonals of a trapezoid divide each other proportionally. 
Suo. Let AC and BD^ diagonals of trapezoid ABCD, intersect at X 

Prove A ABX - A Z>CX 

110. Two altitudes of a triangle are inversely proportional to the corre- 
sponding bases. 

111. Two circles touch at P. Through P three lines are drawn, meeting 
one circle in A, B, and C, and the other in A'^ B', and C, respectively. 
Prove that A ABC ^ A A'B" C. 



BOOK IV 
AEEAS AND RATIOS OF POLYGONS 

Topics for Definition. 

180. Area of Polygon. 

181. Altitude of Parallelogram. 

Theorem I 

182. Parallelograms having equal ba^es and equal alti- 
tudes are equivalent. 



Hyp. Let lU ABCD and KLMN have equal bases, CD and MNy 
and equal altitudes, AX and KY, respectively. 

To prove that O ABCD = O KLMN. 

Sua. 1. Apply OABCD to O KLMN so that CD coincides 
with MNj O ABCD assuming the position of A'B^MN 

SuG. 2. Compare A ^'^JV^ and -B'Z^f. Auth. 

SuQ. 3. By subtracting each A in turn from the whole figure 
prove the theorem. 

Conclusion. 

84 
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Theorem II 

183. If two rectangles have equal altitudes, the ratio of 
their areas equals the ratio of their hases. 



Case I. When, the bases are commensurable. 

Hyp. Let recta. MNRD and LHKW have equal altitudes, MD 
and L TF, and let bases, DR and WK, be commensurable. 

To prove that area of rect. J/ig ^ ,PR 
area of rect. LK WK 

SuG. 1. With a unit of measure common to DR and WKy 
divide DR into m equal parts, WK into n equal parts. Through 
these pts. of division draw lines II MD in rect. MR, and II LW in 
rect LK. 

SuG. 2. For remainder of proof, follow method outlined in 
Bk. II, Theo. XVI. 

Case II. When the bases are incommensurable. 

Hyp. In rects. M^W and VK', let altitude WD* = altitude 
UW and let bases D^K and W^K^ be incommensurable. 

To prove that area of rect. 3f'i?' D'ff' 



area of rect. L'K' W'K' 

SuG. 1. Apply a unit of measure of W^K^ to the line D*R\ 
Kepresent the remainder by YR'. Draw XT\\M'D\ Apply 
Case I and Theory of Limits. 

Conclusion. 
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184. Cor. If two rectangles have equal bases j the ratio of their 
areas equals the raiio of their altitudes. 

Note. In referring to plane figures, the words "area of" are often 
omitted. The conclusion in Theo. II might be expressed: 

rect. MB _ DB 
rect LK WK' 

Theorem III 

185. The ratio of the areas of two reetangles equals the 
raiiio of the products of their ha^es and their altitudes. 



Hyp. Let R and S be two rects., and let a and 6, a' and 6', be 
their respective altitudes and bases. 

To prove that -^ = —, — r-,- 
S a' Xb' 

SuG. 1. Construct a third rect. T, having base b' and altitude a. 

SuG. 2. Compare rect. R with rect. T. Auth. 

SuG. 3. Compare rect. T with rect. S, Auth. 

SuG. 4. Combine the results of the last two suggestions. 

Conclusion. 
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Theorem IV 

186. The area of a rectangle equals the product of its 
base and its altitude. 



Hyp. In the rect. ABCD, let h and a represent the base and 
altitude respectively. 

To prove that area of rect. ABCD = b x a, 

SuG. Compare the area of rect. ABCD with the unit of area, 
using Theo. IIL 

Conclusion. 

Theorem V 

187. TTie area of a parallelogranb equals the produx^t of 
its hose and its altitude. 



Hyp. In the CJ ABCD, let h and a represent the base and 
altitude respectively. 

To prove that area of O ABCD = b x*a. 

SuG. 1. Construct a rect. RSTW with same base and same 
altitude as rect. ABCD, 

SuG. 2. Compare O ABCD with rect. RSTW, Auth. 
Conclusion. 
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Theorem VI 

188. The area of a triangle equals one-half the product 
of Us base and altitude. 



Kyp. In A ABC, let BC be the base, AX the altitude. 

To prove that area of A ABC =\BCx AX. 

SuG. 1. Draw AD II BC, CD II AB, making O ABCD. 

SuG. 2. See Bk. I, Theo. XXXVII, Cor., and Bk. IV, Theo. V. 

Conclusion. 

189. Cor. The area of a trapezoid equals the product of its 
altitude and one-half the sum of its parallel sides. 

SuG. Draw diagonal and apply Theo. VI. 



EXERCISES 



lis. The area of a triangle is 36 sq. ft. If its base is 9 ft., what is its 
altitude ? 

118. Upon the base of a rectangle 28 in. by 21 in. a triangle equivalent to 
the rectangle is constructed. What is the altitude of the triangle ? 

114. The area of a rhombus is equal to one-half the product of its diagonals. 

116. The square upon the base of an isosceles triangle whose vertical angle 
is a right angle is equivalent to four times the triangle. 

Sno. Draw the diagonals of the square. 
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Theorem VII 

190. The ratio of the areas of two similar triangles equals 
the ratio of the squares of their corresponding sides or 
altitudes. 



Hyp. Let AABC^ADEF, and let AM and DN be corre- 
sponding altitudes. 

To prove that ^^^ = i? = ^. 
^ ADEF Be" DN' 

SuG. 1. By applying Theo. VI, 

AABG ^ ^AMxBG 
ADEF iDNxEF' 

Sur 2 AABC ^ AM x BO ^AM EC 

' ' ADEF DNxEF DN EF' 

SUG.3. 4^r = ^' Auth. 

DN EF 
Suo. 4. Use conclusion of Sug. 3 in last part of equation in 
Sug. 2. 

Conclusion. 

EXERCISE 

116. In two similar triangles, two homologous sides are 15 ft. and 25 ft. 
The area of the smaller triangle is 450 sq. ft. Find the area of the larger 
triangle. 



90 PLANE GEOMETRY, BOOK IV 

Theorem VIII 

191. The ratio of the areas of two similar polygons equals 
the ratio of the squares of any corresponding sides. 



Hyp. Let ABODE and A'B'C'D'E' be two similar polygons. 

To prove that Pfg^"f-^ . = -^. 
polygon ^'-jE a'B^ 

SuG. 1. Divide the polygons into a series of similar A by 
method used in Bk. Ill, Theo. X. 

SuG 2. ^^BO ^ AACD ^ AADE ^ ^ 

A A'B'C A A'C'D' A A'D'E' ^ ' 

SuG. 3. Apply Bk. Ill, Prop. IX, and Bk. IV, Theo. VII. 
Conclusion. 



EXERCISES 



117. The area of a trapezoid is 52 sq. in., and the sum of the two parallel 
sides is 13 in. What is the distance between the parallel sides ? 

118. The area of a trapezoid is 30, the altitude is 5, and one base is 8. Find 
the other base. 

119. ABCD is a parallelogram and P is any point within it. Show that 
APAB + APCD = iOABCD. 
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Theokem IX 

192. If two triangles have an angle of one equal to an 
angle of the other, the ralio of the area^ of the triangles 
equals the ratio of the products of the sides including the 
equal angles. 



Hyp. In the A ABC and A'BO, let ZA = Z A\ 
A ABC AB X AC 



To prove that 



AA'B'C A'B'xA'C 



Sua. 1. Apply A A'B'C to A ABC so that Z A' coincides with 
Z.A, A A'B'C assumes the position of AB"C'. Draw B"C 

SuG. 2. Compare A-4jB(7 and AB"(7. What dimension have 
they in common ? 
- SuG. 3. Compare A AB"C and AB"C". Auth. 

SuG. 4. See Theo. Ill, Sug. 4. 

Conclusion. 

EXERCISES 

lao. The base and altitude of a triangle are 18 and 8 respectively. What 
is the altitude of a similar triangle whose base is 12 ? 

IJJI. A parallelogram is divided by its diagonals into four triangles of equal 
area. 

122. If, in figure for Theo. IX, AB = S,AG = 4, A'B' = 5, and A'C = 7, 
what is the ratio of A ABC to A A'B' C ? 
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Theorem X 

193. The square described on the hypobemuse of a right 
triangle is equivalent to the sum of the squares described 
on the other two sides. 



Bjp, Let ABC be a rt. A, and let squares ACDX, BCRF, and 
ABLK be described on the hypo. ACy side EC, and side AB 
respectively. 

'to prove that AD = BR-\- BK, 

Sua. 1. From B draw a line BEl. XD. Draw BX and CK. 
SuG. 2. In AKAG and BAX, Z.KAC = ZBAX. Why? 
.-. AKAO = ABAX. Auth. 

SuG. 3. Compare areas of A KAC and square BK, 

SuG. 4. Compare areas of A BAX and rect. AE, 

SuG. 5. What follows regarding square BK and rect. AE ? 

SuG. 6. By similar method compare square BR with rect. CE, 

SuG. 7. Add results of Sugs. 5 and 6. 

Conclusion. 
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EXERCISES 

123. Prove Theo. X algebraically by reference to Bk. Ill, Theo. XI, 
Part UL 

184. Find area of right isosceles triangle whose hypotenuse is 100 yds. 
in length. 

125. A man travels 25 miles east from a certain town, and another man 
36 miles north. How far apart are they ? 

194. Problem XIZ. To construct a square equivalent to the 
sum of two given squares. 



195. Problem XX. To construct a square equivalent to the 
difference of two given squares. 
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. 196. Problem XXI. To construct a square equivalent to a given 
parallelogram. 

SuG. Find mean proportional between the two dimensions of 
the parallelogram. 



EXERCISES 



126. The altitude of an equilateral triangle is 60 in. How long are its 
sides? 

127. Upon the diagonal of a rectangle 28 in. by 21 in. a triangle equiva- 
lent to the rectangle is constructed. What is the altitude of the triangle ? 

188. If lines are drawn perpendicular to the diagonals of a square at 
their extremities, a second square is formed equivalent to twice the original 
square. 

129. Two parallel chords in a circle are each 8 ft. long, and the distance 
between them is 6 ft Find the radius. ' 

130. The hypotenuse of a right triangle is 5 ft. 5 in., and one of its legs is 
2 ft 9 in. Find its area. 

181. If the area of a polygon, one of whose sides is 86 ft., is 648 sq. ft, 
what is the homologous side of a similar polygon whose area is 892 sq. ft. ? 

182. If ^ is the middle point of CD, one of the non-parallel sides of 
trapezoid A BCD, prove triangle ABE equivalent to J ABCD. 

Suo. Through E draw a line II to AB, 

188. The altitude of an equilateral triangle is 8. Find its area. 



i 



BOOK V 
REGULAR POLYGONS AND THE CIRCLE , 

RATIOS AND MEASUREMENT 
Topics for Definition. 

197. Regular polygon. 

198. Polygon inscribed in a circle. 

Circle circumscribed about a polygon. 

199. Polygon circumscribed about a polygon. 

Circle inscribed in a polygon. 

Theorem I , 

200. An equilateral polygon inscribed in a circle is a 
regular polygon. 

Note. For convenience in constructing this figure) take the length of the 
radius as a side of the polygon. 



H3rp. Let the equilateral polygon ABCDEF be inscribed in 
the O S. 

To prove that polygon A-F is equiangular and therefore regular. 

SuG. Prove that the arcs intercepted by the A ABC, BCD, 
etc., are equal. Then apply Bk. II, Theo. XVII. 
Conclusion. 

96 



96 PLANE GEOMETRY, BOOK V 

Theorem II 

201. A circle may he circumscribed about, or inscribed 
in, a regular polygon. 



. Hyp. Let ABCDEF be a regular polygon. 

To prove that a circle may be circumscribed about^ or inscribed 
in, the polygon A-F. 

SuG. 1. Find a pt. equidistant from A, B, and C. Auth. 
Draw AO, BO, CO, DO, etc. 

SuG. 2. Prove A ABO and BCO equal and isos. Auth. 
.-. Z.ABO=^Z OBC==Z BCO. 

SuG. 3. ZABO^^ZB, Why? .'.ZOCB = :^ZC Why? 

SuQ. 4. Z0CD = IZC=Z0BC. ABCO=^ACDO. Auth. 
.-. OD=OC 

SuG. 5. In same way prove E and F are the same distance 
from 03 A, B, C, and D, First conclusion. 

SuQ. 6. Draw OX L AB, O T± BC, OZ ± CD, etc., and apply 
Bk. II, Theo. X. Second conclusion. 

Topics for Definition. 

202. Parts of regular polygon. 

Centre. Apothem. 

Radius. Perimeter. 
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203. Cor. The angle at the centre of a regular polygon is equal 
to four right angles divided by the number of sides. 

204. Problem ZXII. To inscribe a regular hexagon in a circle. 
SuQ. See figure under Theo. I. 



205. Problem ZXIII. To inscribe a square in a circle. 



EXERCISES 



184. To inscribe a regular triangle or a regular dodecagon in a circle. 

Suo. SeeProb. XXIL 

186. To inscribe a regular octagon in a circle. 

Suo. See Prob. XXIIL 

186. Find the angle at the centre of a regular pentagon. 

187. Of a regular hexagon. 

188. Of a regular octagon. 

189. Of a regular decagon. 
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Theorem III 

206. If the circumference of a circle he divided into any 
number of equal arcs, the chorda subtending these arcs 
form a regular inscribed polygon; the tangents drawn at 
the points of division form, a regular circumscribed 
polygon. 



Part L Hyp. In the 8, let the equal 's^ AB, BG, CD, DE, 
and EA be subtended by the chords AB, BC, CD, etc. 

To prove that the inscribed polygon A-E is regular. 

SuQ. Consult Theo. I. 
First conclusion. 

Part II. Hyp. At pts. A, B, C, D, and E, on the circumfer- 
ence of O S, let tangents be drawn intersecting at F, G, H, K, 
and M, 

To proye that circumscribed polygon F-Mi& regular. 

SuG. 1. Prove A AFB, BGC, etc., to be equal and isos. A, 
using Bk. II, Theo. XVIII. 

SuG. 2. From Sug. 1, Z F= Z (? = ZH, etc., and FB + BG 
= GC+CH,eto. 

Second conclusion. 
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207. Cor. 1. If the vertices of a regular inscribed polygon are 
connected with the middle points of the arcs subtended by the sides of 
the polygon, a regular inscribed polygon of double the number of 
sides is formed. 



208. Cor. 2. If a regular polygon be circumso'ibed abovi a circle, 
and if at the middle points of the arcs between the points of tangency 
tangents are drawn, a regular circumscribed polygon of double the 
number of sides is formed. 



EXERCISES 



140. Find the yalue of an angle at a vertex of a regular hexagon ; of a 
regular octagon ; of a regular decagon ; of a regular dodecagon. 

141. A central angle of any regular polygon is the supplement of an angle 
of the polygon. 
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Theorem IV 

209. Regular -polygons of the same number of sides are 
similar. 



Hyp. Let A and A^ be two regular polygons each having n 
sides. 
To i»rove that polygon A is similar to polygon A\ 

SuG. 1. Since the polygons are equiangular, divide the sum of 
the int. A of each polygon by the number of its A, What does 
this prove ? 

SuQ. 2. Write a proportion of the sides of the two polygons 
taken in order, and prove this proportion to be correct. 

Conclusion. 



EXERCISES 

142. The radius drawn to any vertex of a regular polygon bisects the 
angle at the vertex. 

148. The perimeters of regular polygons of the same number of sides are 
to each other as any two homologous sides. 

144. Find the area of a square inscribed in a circle whose radius is 6. 

145. Show that the apothem of a regular inscribed hexagon = - >/3. 

2 

146. Show that the side of an inscribed square = rv^. 

147. The sides of a regular circumscribed polygon are bisected at the 
points of tangency. 
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Theorem V 

210. The ratio of the perimeters of two regular polygons 
of the same numher of sides equals the ratio of their radii 
or apothems. 



Hyp. In the regular rt-sided polygons A-E and A^-E\ let AO 
and -4'0', XO and X'O' represent their respective radii and apo- 
thems, P and P their respective perimeters. 

To prove that | = ^ = |g, 

Suo. Draw radii OB and 0*B\ and compare AAOB and 
A'0'B\ Consider OX and O'X as the respective altitudes of 
these A, and consult Bk. Ill, Theos. VII and XI. 

Conclusion. 

211. Cor. The ratio of the areas of ttoo regular polygons of the 
same number of sides equals the ratio of the squares of their radii 
or apothems. 

Sua. See Bk. IV, Theo. VIII. 



EXERCISES 



148. The apothem of a regular pentagon is 4.1 in. and a side is 6 in. 
Find the side of a regular pentagon whose apothem is 8.2. 

149. One side of a polygon is 2 ft. 6 in. long. What is the length of the 
corresponding side of a similar polygon, the perimeters being, respectively, 
20 ft. and 30 ft. ? 
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Theobem VI 

212. The area of a regular polygon equals half the 
product of Us perimeter and its apothem. 



Hyp. Let ^ be a regular polygon on n sides, P its perimeter, 
and R its apothem. 

To prove that area of -4 = ^ P x i?. 
, SuG. Draw the radii of the polygon, and apply Bk. IV, 
Theo. VI. 

Conclusion. 

EXERCISES 

150. The area of any polygon that is circumscribed about a circle is equal 
to half the product of its perimeter and the radius of the circle. 

151. Find the area of a regular hexagon whose side is 10 ft. 

152. The apothem of a regular pentagon is 6 and a side is 4. Find the 
perimeter and area of a regular pentagon whose apothem is 8. 

153. ABODE is a regular pentagon. If the diagonals AC and BE inter- 
sect at F^ prove that CDEF is a parallelogram. 

154. The radius of a circle is 10 ; find the perimeter and area of the regular 
inscribed octagon. 

155. Show that the side of an inscribed equilateral triangle = rVS. 
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Theorem VII 

213. If the Tvwmber of sides of a regular inscribed poly- 
gon he increased indefinitely, the apothem of the polygon 
approaches the radius of the circle as its limit. 



Hyp. Let AB be a side and OG the apothem of a regular poly- 
gon of n sides inscribed in a circle whose radius is OA, 

To prove that OG approaches OA as a limit as n increases in- 
definitely. 

SuG. 1. OA<OG^-AG. Auth. 

SuG. 2. OA^OG<AG. Why? 
.-. 0A--0G<2AG or AB. 

SuG. 3. As n increases indefinitely, AB decreases indefinitely. 
.•. OA — OG must approach as its limit. 

Conclusion. 



EXERCISE 



156. The area of an inscribed regular octagon is equal to the product of 
the lengths of the sides of the inscribed and circumscribed squares. 
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Theorem VIII 

214. The circumference of a circle is the limit which 
the perimeters of regular inscribed and circumscribed 
polygons approach when the nurnber of their sides is in- 
creased indefinitely; and the area of the circle is the lim/it 
of the areas of these polygons. 



Hyp. Let P and F be the perimeters and R and R the apo- 
thems, S and S^ the areas, respectively, of two circumscribed and 
inscribed polygons of the same number of sides. 

I. To prove that the circumference of the circle is the common 
limit of P and P when the number of sides is indefinitely in- 
creased. 

SuG. 1. ^ = ^. Auth. Then ^:=-^ = ^~^' . Auth. 
PR PR 

. p r,_ P{R--R^ 

R 

SuG. 2. By indefinitely doubling the number of sides show 

P 
that R — R and ^,(R — R) approaches as its limit. 

SuG. 3. .'. P—P must approach at its limit; that Is, P 
and P must approach each other; hence each will approach 
indefinitely the circumference of the circle. 

Conclusion. 
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II. To prove that the area of the circle is the common limit of 
S and S' when the number of sides is indefinitely increased. 

Suo. 4. 4 = j^. Auth. See Part I for method. 

s' (By 

Conclusion. 

Theorem IX 

215. The circumferences of two circles hdve the same 
ratio as their radii. 



Hyp. Let C and C be the circumferences, R and R the radii, 
of two circles and 0'. 

C R 
To prove that —=—. 

Suo. 1. Inscribe in the <D two regular polygons of the same 

* P R 

number of sides. Then — = — • Auth. 

SuG.2. P=P'x^- 

R 

SuG. 3. By theory of limits show that 0=0' x^y and there- 

fore that § = |, 

216. Cor. The areas of two circles have the same ratio as the 
squares of their radii. 

SuG. See Theo. VIII, Part II. 
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217. Scho. The ratio of the circumference of a circle to its 
diameter is a fixed quantity. This ratio is designated by n. 

Hence ^ = ir, and .'. (7= ird = 2irr. The numerical value of v 
a 

is approximately 3.14159 +, or about 3|. 

Note. See Problem XXV, page 108, for proof regarding value of r. 

Theorem X 

218. The area of a circle equals half the product of the 
circumference and the radius. 



SuG. Inscribe a regular polygon, and prove that ^P y^a 

(apothem) approaches as its limit JO x r. 

• 

219. Scho. If 0= 2irr, then \C x r (the area of circle) = 
^(2 Trr) X r = TTi^. 

EXERCISES 

157. Similar arcs are to each other as their radii, and similar sectors as 
the squares of their radii. 

158. If the radius of a circle is 4, find its circumference and area. 

159. If the circumference of a circle is 30, find its radius and area. 

160. If the diameter of a circle is 26, find the length of an arc of 90°. 
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220. Problem ZXIV. Given the radius and side of a regular 
inscribed polygon, to compute the side of a regular inscribed 
polygon of double the number of sides. 



Hyp. In O 0, let AB be the side of a regular inscribed polygon 
and let the radius OX be ± to AB, intersecting chord AB at Y 
and^ABat X 

To find value of AX, the side of a regular inscribed polygon of 
double the number of sides. 
Draw AO. In rt. A AOY, 

0Y^^A&--AT. Auth. BxxtAY^iAB. Auth. 



.'. OY =^r«-^ = ^V4r2-^^. 



XF=0X-0F=r-iV4r*- A]^, 



In rt. AAXY, AX^^AY^^XY^^^^(r-^i^4.7^-A^\ 



Iff 

^X'=2r2-rV4r*-ZE?. 

.-. AX =^r(2r-V4r«-^. q.e.f. 

221. Cor. Ifrssl and if the side of the inscribed polygon is rep- 
resented by s, the side of the inscribed polygon of double the number 
of sides equals v 2 — V4 — s*. 



EXERCISES 
161. Find the radius of a circle whose area is 6 sq. in. 
168. What is the area of a circle circumscribed about a square whose 
side is 3? 
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222. Problem XXV. To compute, approximately, the value of w. 
Hyp. Let c and d represent, respectively, the circumference 
and diameter of a circle whose radius is unity. 

To compute the value of w or - • 

d 

Since the perimeter of a regular inscribed polygon, by indefi- 
nitely increasing the number of its sides, approaches the circum- 
ference of the circle as its limit, it follows that 

25-i5? — r o po ygon approaches as its limit -, 
diameter of circle d 

as the number of sides of the polygon is indefinitely increased. 

Let «e, Si2, etc., represent the side of a regular hexagon, of a 

regular dodecagon, etc., 7)6, p^^, etc., their perimeters. 

Then % = V2-V4=T2 = .51763809 ; ^ = 3.10582854, 
«24 = V2 - V4^^pi763809)2 = .26105238 ; ^ = 3.13262861, 



5^ = V2 - V4 - (.26105238)2 = .13080626 ; ^ = 3.13935020, 
and by continuing the process 

sj^ = .00818121 ; ^ = 3.14158470. 
.\ir = 3.14159, approximately. q.e.f. 



EXERCISES 

163. How many degrees are there in an arc 18 in. long of a circumference 
whose radius is 5 f t. ? 

164. The ratio of the radii of two similar segments is 3 : 5. What is the 
ratio of their areas ? 

166. The circumference of a circle is 8. Find the circumference of a 
circle having twice the area of the given circle. 

166. A circle has an area of 60 sq. in. What is the length of an arc of 40*^ ? 

167. The side of a square is 8. Find the circumferences of its inscribed 
and circumscribed circles. 

168. A circular grass plot, 100 ft. in diameter, is surrounded by a walk 
4 ft. wide. Find the area of the walk. 
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17. Theorem I. From a point in a straight line one perpendicular 

to the line, and only one, can be drawn. 
19. Theorem II. All right angles are equal. 

21. Theorem III. If one straight line meets another, the sum of 

the adjacent angles thus formed equals two right 
angles. 

22. Corollary 1. The sum of all the angles about a point on one 

side of a straight line equals two right angles. 

23. Corollary 2. The sum of all the angles about a point equals 

four right angles. 

24. Corollary 3. Complements of the same angle or of equal 

angles are equal. 

25. Corollary 4. Supplements of the same angle or of equal 

angles are equal. 

26. Theorem IV. If two straight lines intersect, they form ver- 

tical angles which are equal. 

27. Theorem V. If two adjacent angles are together equal to two 

right angles, their exterior sides are in the same 
straight line. 

29. Theorem YI. If two triangles have two sides and the included 
angle of one equal respectively to two sides and the 
included angle of the other, the triangles are equal. 

32. Theorem VII. If two triangles have two angles and the in- 
cluded side of one equal respectively to two angles 
and the included side of the other, the triangles are 
equal. 

Ill 
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34. Theorem VIII. The angles opposite the equal sides of an isos- 

celes triangle are equal. 

35. CaroUary. An equilateral triangle is also equiangular. 

36. Theorem IX. If two triangles have three sides of one equal 

respectively to three sides of the other, the triangles 
are equal. 

37. Theorem X. If a perpendicular be erected at the middle point 

of a straight line, the distances from any point in the 
perpendicular to the extremities of the line are equal. 
39. Theorem XI. If a perpendicular be erected at the middle 
point of a straight line, the distances from any point 
not in the perpendicular to the extremities of the line 
are unequal. 

41. Theorem XII. From a point without a straight line, one per- 

pendicular to the line, and only one, can be drawn. 

42, Theorem XIII. If two right triangles have the hypotenuse 

and an acute angle of one equal respectively to the 
hypotenuse and an acute angle of the other, the tri- 
angles are equal. 
44. Theorem XIV. Two lines perpendicular to the same line are 
parallel. 

48. Theorem XV. A line perpendicular to one of two parallel 

lines is perpendicular to the other also. 

49. Corollary. Two lines parallel to a third line are parallel to 

each other. 

62. Theorem XVI. If two parallel lines are cut by a transversal, 

the alternate-interior angles are equal. 

63. Theorem XVII. If two parallel lines are cut by a transversal, 

the corresponding angles are equal.. 

64. CoroUary, If two parallel lines are cut by a transversal, the 

alternate-exterior angles are equal. 
^5. Theorem XVIII. If two parallel lines ai'e cut by a transversal, 
the sum of the interior angles on the same side of the 
transversal equals two right angles. 
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56. CoroUary, If two parallel lines are cut by a transversal, the 

sum of the exterior angles on the same side of the 
transversal equals two right angles. 

57. Theorem XIX. (Converse of Theo. XVI.) If two straight 

lines are cut by a transversal, so that the alternate- 
interior angles are equal, the lines are parallel. 

58. Theorem XX. (Converse of Theo. XVII.) If two straight 

lines are cut by a transversal, so that the correspond- 
ing angles are equal, the lines are parallel. 

59. Co7'oUary. If two straight lines are cut by a transversal, so 

that the alternate-exterior angles are equal, the lines 
are pai*allel. 
60: Theorem XXI. (Converse of Theo. XVIII.) If two straight 
lines are cut by a transversal, so that the sum of the 
interior angles on the same side of the transversal 
equals two right anglea, the lines are parallel. 

61. CoroUary. If two straight lines are cut by a transversal, so 

that the sum of the exterior angles on the same side of 
the transversal equals two right angles, the lines are 
parallel. 

62. Theorem XXII. Angles whose sides are parallel, each to each, 

are either equal or supplementary. 
64. Corollary. Angles whose sides are perpendicular, each to 
each, are either equal or supplementary. 

66. Theorem XXIII. An exterior angle of a triangle equals the 

sum of the opposite interior angles. 

67. CoroUary. An exterior angle of a triangle is greater than 

either of the opposite interior angles. 

68. Theorem XXIV. The sum of the interior angles of a triangle 

equals two right angles. 

69. Corollary 1. In a triangle there can be only one obtuse or 

one right angle. 

70. CoroUary 2. Every right triangle has two acute angles, each 

of which is the complement of the other. 
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71. Corollary 3. If two triangles have two angles of one equal to 

two angles of the other, the third angles are equal. 

72. Corollary 4. If two right triangles have an acute angle of 

one equal to an acute angle of the other, the remaining 
acute angles are equal. 

73. Theorem XXV. If two right triangles have a side and an 

acute angle of one equal respectively to a side and an 
acute angle of the other, the triangles are equal. 

74. Theorem XXVI. If two triangles have two angles of one 

equal respectively to two angles of the other and the 
sides opposite a pair of equal angles equal the triangles 
are equal. 

75. Theorem XXVII. (Converse of Theo. VIII.) If two angles 

of a triangle are equal, the sides opposite them are 
equal, and the triangle is isosceles. 

76. Corollary. An equiangular triangle is also equilateral. 

77. Theorem XXVIII. If two angles of a triangle are unequal, 

the sides opposite them are unequal, the greater side 
being opposite the greater angle. 

78. Corollary, The hypotenuse is the greatest side of a right 

triangle. 

80. Theorem XXIX. (Converse of Theo. XXVIII.) If two sides of 

a triangle are unequal, the angles opposite them are un- 
equal, the greater angle being opposite the greater side. 

81. Theorem XXX. A perpendicular is the shortest line that can 

be drawn from a point to a line. 

82. Corollary, The shortest distance from a point to a line is 

the perpendicular from the point to the line. 

83. Theorem XXXI. If a perpendicular and oblique lines be 

drawn from a point to a line : 
I. Two oblique lines which meet the given line at equal distances 

from the foot of the perpendicular, are equal. 
II. Of two oblique lines meeting the given line at unequal dis- 
tances from the foot of the perpendicular, the more 
remote is the greater. 
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84. Theorem XXXII. Two equal oblique lines drawn from a 

point in a perpendicular to a given line, cut off equal 
distances from the foot of the perpendicular. 

85. Theorem XXXIII. Two unequal oblique lines drawn from 

a point in a perpendicular to a given line, cut off une- 
qual distances from the foot of the perpendicular, the 
longer line cutting off the greater distance. 

86. Theorem XXXIV. If two right triangles have the hypotenuse 

and a side of one equal respectively to the hypotenuse 
and a side of the other, the triangles are equal. 

87. Theorem XXXV. If two lines be di-awn from a point in a 

triangle to the extremities of a side, the sum of these 
lines is less than the sum of the other two sides of 
the triangle. 

88. Theorem XXXVI. If two triangles have two sides of one 

equal to two sides of the other and the included 
angles unequal, the remaining sides are unequal, that 
being greater which belongs to the triangle having 
the greater included angle. 

89. Theorem XXXVII. If two triangles have two sides of one equal 

to two sides of the other and the third sides unequal, 
the angles opposite the third sides are unequal, that 
being greater which is opposite the greater third side. 

92. Theorem XXXVIII. The opposite sides of a parallelogram 

are equal. 

93. Corollary. The diagonal of a parallelogram divides it into 

two equal triangles. 

94. Theorem XXXIX. The opposite angles of a parallelogram 

are equal. 

95. Theorem XL. If a quadrilateral has two of its sides equal 

and parallel, it is a parallelogram. 

96. Theorem XLI. A quadrilateral whose opposite sides are equal 

is a parallelogram. 

97. Theorem XLII. Two parallelograms having two sides and 
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the included angle of one equal to two sides and the 
included angle of the other are equal. 

98. Theorem XLIII. The diagonals of a parallelogram bisect each 

other. 

99. Theorem XLIV. The sum of the interior angles of a polygon 

is equal to twice as many right angles as the polygon 
has sides, minus four right angles. 

100. CoroUary, In an equiangular polygon of n sides, the value 

of each angle equals > ^"~ ^ — ■ — . 

n 

101. Theorem XLV. If the sides of a polygon be produced in 

succession, the sum of the exterior angles thus formed 
equals four right angles. 



BOOK II 

106. Theorem I. The diameter of a circle is greater than any 
other chord ; and it bisects the circle and the circum- 
ference. 

108. Theorem II. In the same circle, or in equal circles, equal 

central angles intercept equal arcs. 

109. Theorem III. (Converse of Theo. II.) In the same circle, 

or in equal circles, equal arcs subtend equal central 
angles. 

111. Theorem IV. If, in the same circle, or in equal circles, two 

arcs are equal, the chords subtending them are equal. 

112. Theorem V. (Converse of Theo. IV.) If, in the same circle, 

or in equal circles, two chords are equal, the arcs sub- 
tended by them are equal. 

113. Theorem VI. In the same circle, or in equal circles, the 

greater of two unequal arcs, neither of which exceeds 
a semicircumference, is subtended by the greater 
chord. 
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114. Theorem VII. (Converse of Theo. VI.) In the same circle, 

or in equal circles, the greater of two unequal chords 
subtends the greater arc, if neither arc exceeds a semi- 
circumference. 

115. Theorem VIII. A diameter perpendicular to a chord bisects 

the chord and its subtended arcs. 

116. Theorem IX. A line perpendicular to a chord at its middle 

point passes through the centre of the circle. 

117. Theorem X. In the same circle, or in equal circles, equal 

chords are equidistant from the centre; and of two 
unequal chords the greater is nearer the centre. 

118. Theorem XI. A straight line perpendicular to a radius at 

its extremity is tangent to the circle. 

120. Theorem XII. If a straight line is tangent to a circle, 

the radius meeting it at the point of contact is per- 
pendicular to it. 

121. Theorem XIII. Two tangents to a circle from an outside 

point are equal. 

122. Theorem XIV. Arcs of a circle intercepted by parallel lines 

are equal. 

123. CoroUary, The straight line joining the points of tangency 

of two parallel tangents is a diameter of the circle. 

124. Theorem XV. Through three points not in the same straight 

line one circumference, and only one, can be drawn. 

125. CoroUary. Two circles cannot intersect in more than two 

points. 
134. Theorem XVI. In the same circle, or in equal circles, 
central angles have the same ratio as their intercepted 
arcs. 

137. Theorem XVII. An inscribed angle is measured by one-half 

its intercepted arc. 

138. Corollary, An angle inscribed in a semicircumference is a 

right angle. 
140. Theorem XVIII. An angle formed by a tangent and a chord 
is measured by one-half the intercepted arc. 
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141. Theorem XIX. An angle formed by two intersecting chords 

is measured by one-half the sum of the intercepted arc 
and the arc intercepted by its vertical angle. 

142. Theorem XX. An angle formed by two secants intersecting 

without a circumference, by two tangents, or by a tan- 
gent and a secant, is measured by one-half the differ- 
ence of the intercepted arcs. 

BOOK III 

154. Theorem I. If parallel lines intercept equal segments on 

one transversal, they intercept equal segments on all 
transversals. 

155. Theorem II. A parallel to one side of a triangle divides the 

other two sides proportionally. 

156. Corollary. If a line is parallel to one side of a triangle, the 

ratio between either of the remaining sides and one 
of its segments equals the ratio between the other 
remaining side and its corresponding segment. 

157. Theorem III. (Converse of Theo. II.) If a line divides two 

sides of a triangle proportionally, it is parallel to the 
third side. 

160. Theorem IV. If two triangles have their homologous angles 

equal, the triangles are similar. 

161. Corollary 1. If two triangles have two angles of one equal 

to two angles of the other, the triangles are similar. 

162. Corollary 2. If two right triangles have an acute angle of 

one equal to an acute angle of the other, the triangles 
are similar. 

163. Corollary 3. If a line is parallel to one side of a triangle, a 

smaller triangle is formed similar to the given triangle. 

164. Theorem V. If two triangles have an angle of one equal to 

an angle of the other, and the including sides propor- 
tional, the triangles are similar. 
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165. Theorem VI. If two triangles have their homologous sides 
proportional, the triangles are similar. 

167. Theorem YII. The ratio of homologous altitudes of similar 

triangles equals the ratio of similitude of the triangles. 

168. Theorem VIII. The bisector of an angle of a triangle divides 

the opposite side into segments proportional to the 
adjacent sides. 

169. Theorem IX. If two polygons are composed of the same 

number of triangles, similar each to each and similarly 
placed, the polygons are similar. 

171. Theorem X. (Converse of Theo. IX.) Two similar polygons 

are composed of the same number of triangles similar 
each to each and similarly placed. 

172. Theorem XI. The ratio of the perimeters of two similar 

polygons equals the ratio of similitude of the poly- 
gons. 

174. Theorem XII. If in a right triangle a perpendicular is 

drawn from the vertex of the right angle to the 
hypotenuse : 
I. The triangles thus formed are similar to the whole triangle, 

and to each other. 
II. The perpendicular is a mean proportional between the seg- 
ments of the hypotenuse. 
III. Either side is a mean proportional between the whole hypot- 
enuse and the adjacent segment. 

175. Theorem XIII. If from a point without a circle two secants 

are drawn, the product of one secant and its external 
segment equals the product of the other and its ex- 
ternal segment. 

176. Corollary. If a tangent and a secant meet without a circle, 

the tangent is a mean proportional between the whole 
secant and its external segment. 

177. Theorem XIV. If two chords of a circle intersect, the prod- 

uct of the segments of one equals the product of the 
segments of the other. 
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' BOOK IV 

182. Theorem I. Parallelograms having equal bases and equal 

altitudes are equivalent. 

183. Theorem II. If two rectangles have equal altitudes, the ratio 

of their areas equals the ratio of their bases. 

184. Corollary. If two rectangles have equal bases, the ratio of 

their areas equals the ratio of their altitudes. 

185. Theorem III. The ratio of the areas of two rectangles equals 

the ratio of the products of their bases and their alti- 
tudes. 

186. Theorem IV. The area of a rectangle equals the product of 

its base and its altitude. 

187. Theorem V. The area of a parallelogram equals the product 

of its base and its altitude. 

188. Theorem VI. The area of a triangle equals one-half the 

product of its base and. altitude. 

189. Corollary, The area of a trapezoid equals the product of its 

altitude and one-half the sum of its parallel sides. 

190. Theorem VII. The ratio of the areas of two similar triangles 

equals the ratio of the squares of their corresponding 
sides or altitudes. 

191. Theorem VIII. The ratio of the areas of two similar poly- 

gons equals the ratio of the squares of any correspond- 
ing sides. 

192. Theorem IX. If two triangles have an angle of one equal to 

an angle of the other, the ratio of the areas of the tri- 
angles equals the ratio of the products of the sides 
including the equal angles. 

193. Theorem X. The square described on the hypotenuse of a 

right triangle is equivalent to the sum of the squares 
described on the other two sides. 
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BOOK V 

200. Theorem I. An equilateral polygon inscribed in a circle is a 

regular polygon. 

201. Theorem II. A circle may be circumscribed about, or in- 

scribed in, a regular polygon. 
203. Corollary, The angle at the centre of a regular polygon is 
equal to four right angles divided by the number of 
sides. 

206. Theorem III. If the circumference of a circle be divided 

into any number of equal arcs, the chords subtending 
these arcs form a regular inscribed polygon ; the tan- 
gents drawn at the points of division form a regular 
circumscribed polygon. 

207. Corollary 1. If the vertices of a regular inscribed polygon 

are connected with the middle points of the arcs sub- 
tended by the sides of the polygon, a regular inscribed 
polygon of double the number of sides is formed. 

208. Corollary 2. If a regular polygon be circumscribed about a 

circle, and if at the middle points of the arcs between 
the points of tangency tangents are drawn, a regular 
circumscribed polygon of double the number of sides 
is formed. 

209. Theorem IV. Eegular polygons of the same number of sides 

are similar. 

210. Theorem V. The ratio of the perimeters^ of two regular 

polygons of the same number of sides equals the ratio 
of their radii or apothems. 

211. Corollary. The ratio of the areas of two regular polygons 

of the same number of sides equals the ratio of the 
squares of their radii or apothems. 

212. Theorem VI. The area of a regular polygon equals half the 

product of its perimeter and its apothem. 
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213. Theorem VII. If the number of sides of a regular inscribed 

polygon be increased indefinitely, the apothem of the 
polygon approaches the radius of the circle as its limit. 

214. Theorem VIII. The circumference of a circle is the limit 

which the perimeters of regular inscribed and circum- 
scribed polygons approach when the number of their 
sides is increased indefinitely; and the area of the 
circle is the limit of the areas of these polygons. 

215. Theorem IX. The circumferences of two circles have the 

same ratio as their radii. 

216. Corollary, The areas of two circles have the same ratio as 

the squares of their radii. 

218. Theorem X. The area of a circle equals half the product of 
the circumference and the radius. 
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